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1. Background and Abstract Measure

In this course, we assign weightage to a certain mathematical object.
(1). Analysis aspect: for Measure Theory, aim to understand the volume of a set; for integration,
aim to understand the mass of an object with some density function.
(2). Probability theory aspect: for Measure Theory, aim to understand the probability of an event;
for integration, aim to understand the expectation of a random variable.
Historically, earlier attempt by Riemann who came up with the Riemann integral (define mass and

volume concurrently). For simplicity, consider an arbitrary function f : R — R. Then,
b n
/ f(x) dx= ZA(xi)f(x,-) ,  where Ax; = x; —x;_1.
a i=1

Let P = {x0,x1,...,X,} denote an arbitrary partition of [xo,x,| = [a,b]. So, [a,b] can be broken down

into compact intervals [a,x1], ..., [x,—1,b]. So,

Y FE)AG) = S(F.P)(E), where & = (Eo.....).
i=1

Theorem 1.1 (Riemann integrability criterion). Let P = {x,...,x,} be a partition and ||P|| =
max |A;| denote its norm function. If there exists A € R such that for all € > 0, there exists § > 0
4

such that
IS(f,P) (&) —A| < eholds whenever ||P|| <9,
we say that f is Riemann integrable on [a,b]. We also let

/ f(x) dc=A denote the Riemann integral of f.

Definition 1.1 (characteristic function). Say we have a region X C R". Define

1 ifxeX;
Vol(X):/ 1x (x) dx where 1y :R" — R such that x —
Rn

0 ifxgX.

This is the idea of a characteristic function.

What is wrong with the Riemann integral? We wish to define volume and integral in a more
general domain. A nice property of the compact interval [a, b] is that we can construct a partition P of
it.

Example 1.1 (coin flipping). Let Q@ = {H,T}" and define A = {(s,...): s; = H}. Goal: A has
volume 1/2.

Example 1.2. Consider

SO3(R) = {Q € .43 (R) : Q"Q=QQ" =1, det(Q) =1},
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which is the special orthogonal group of 3 x 3 matrices. Define the set A = {Q: £/ (z,Qz) < m/2}.
We want A to have volume 1/2. Say z (or rather, k) points vertically upward (to the north pole). Think

of this as deconstructing the 2-spehere S? into an upper and lower half.

Example 1.3. There exist functions which are intuitively integrable but not Riemann integrable. For

example, consider the characteristic function of QN [0, 1], defined to be

1 ifxeQn(o,1];
Lgnp,1) (x) =
0 ifx2Qn[o,1].
Note that Q is countable but [0, 1] is uncountable. So, QN [0, 1] has few elements (more formally,

countably many points). We want

/lQﬂ[OJ] (X) dx=0.

However, 1gno,1 18 not Riemann integrable because simply said, this function does not satisty the

Riemann integrability criterion.

A manifestation: There are natural theorems that are true but difficult to prove. These usually

involve interchanging the order of summation and integral. Consider the following theorem:

Theorem 1.2 (Lebesgue’'s dominated convergence theorem). Suppose {f,} is a sequence of
Riemann-integrable functions on [a, b] such that f,, — f pointwise for all x € [a, b]. Assume that
there exists some M € N such that |f,,| < M. Then,

lim/abfn(x) dx:/abf(x) dx.

n—oo
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2. Concrete Measure

2.1.

Total Measure and its Failure

Example 2.1 (MA4262 AY24/25 Sem 1 Tutorial 1). Prove or disprove the following statements:

(a) If E C R is nonempty, then infE < supE.

(b) There are subsets of real numbers which are both open and closed.

(c) The set QN (0, 1) is an open subset of R.

(d) Let F; O F, D ... be a sequence of closed subsets of R. Then (,_; £, # 0. O
Solution.

(a) This statement is false. Firstly, a fun fact is that if E = 0 (of course, we restricted to E # 0

(b)
(c)

(d)

though), then infE = o and supE = —oo so infE > supE. Anyway, choose x € E. Then, by
definition, inf E < x < sup E since inf E and sup E are lower and upper bounds for E respectively.
Equality holds if E is a singleton, i.e. E = {x} for some x € R, so we have disproved the
Statement.

True, in fact, such sets are said to be clopen. For example, @ and R are both open and closed.
False. Let S = QM (0, 1). Recall that a set S C R is said to be open if for all x € S, there exists
€ > 0 such that (x — g,x+¢€) C S. Let x € S be an arbitrary rational number contained in (0, 1).
Then, no matter how small € is, (x — €,x+ &) will contain both rational and irrational numbers
since QQ is dense in R.

The statement is true. Note that () is not a subset of @ (even though 0 is a closed subset of R),
so we can take each F; to be closed intervals of R. Say F| = [a1,b;] and F> = [ay,b;] such that
a; < apy < by < by. Recursively, define

F, = [an,b,] suchthat a; <...<a,<b,<...<by.

Itisclearthat Ff C >, C...F, C ... s0

o N
rwfhzzéggafwthzﬁggjanbN]

n=1 n=1

Let ¢ € [ay,by]. Then, ay < ¢ < by for all N € N. As N — oo, we see that [ay,by] shrinks to
the singleton {c}. O

Example 2.2 (MA4262 AY24/25 Sem 1 Tutorial 1). Let X C R be a countable set. Show that there
is some a € Rsuchthat XN (a+X) =0 wherea+X = {a+x:x € X}.

Solution. We have X = {xy,...} ={x;:i€l}.Letx€ XN(a+X). Then, x € X and x € (a+X), which
imply that there exist x;,x; € X such that x = x; and x = a +x; respectively. We can pick a € Q' CR.

Then, a = x; — x;. By definition of X, there exists k € I such that x; = x; —x;, s0 X > a = x;, which is

a contradiction since Q' is uncountable. [l

Example 2.3. (QNJ0,1]) x R is not measurable.
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Definition 2.1 (power set). Let Q be a set domain under consideration. Define & (Q) =

{x:x C Q} to be the power set of Q, i.e. the collection of subsets of Q.

Proposition 2.1. Here are some arithmetic rules for co.
(1) o+oo=x+0=c0o+x=occforall x € R

(3) o000 =c0and (—0) 00 = —c0

(4) (~o0) oo = —c0and (—co) - (~os) =0
oo ifx>0;

(5) x0o=00-x=¢ —0 ifx<O0;
0 ifx=0.

The very last property on 0 - co = oo - () = 0 seems absurd but this is just by convention.

Definition 2.2 (measure/total measure). A function u : & (X) — R>oU {0} is said to be a
measure on L if the following properties are satisfied:

(@ u(@)=0

(b) u(X)>0forall X € Z(Q)

(c) u is countably additive, i.e. if {X),} is a sequence of disjoint subsets of Q, then
o) o N
u( X :Z,u(X,,):]\}im Y u(x,).
n=0 n=0 e n=0

Axiom 2.1 (axiom of choice). Suppose {X,} is a family of non-empty subsets of Q. Then,

there exists (i.e. we can choose) a sequence {a,} of elements in Q such that a, € X,,.

Definition 2.3 (invariant measure). For X CRanda € R, definea+X ={a+x:x€X}. A

total measure ( on R is invariant if

U(a+X)=u(X) forallacR X CR.

Example 2.4. p(X) =0 forall X C Qs a total measure.

Example 2.5. Let X be a set. Then,

|X| if X is finite;
u(X)=
oo if X is infinite.

Example 2.6 (MA4262 AY24/25 Sem 1 Tutorial 1). If uy,...,u, are total measures on Q and

ai,...,a, are nonnegative real numbers. Show that the function A, defined for X € &2(Q) by

M) = X asmy)
2



MA4262 MEASURE AND INTEGRATION NOTES Page 6 of 80

is a total measure on Q.

Solution. We need to prove that A (0) =0, A (X) > 0 forall X € &(Q), and A is countably additive.

Since y; is a total measure for all 1 < j <n, then u;(0) = 0, so the first property that A (0) =0
follows. Next, since p; (X) > 0 and ay,...,a, > 0, which implies the second property that A (X) > 0.
To prove the third property, let X7, ... be a sequence of disjoint subsets of €2. Since i is a measure on
Q, then

n=0 n=0

ajl; <U Xi)
i=0

1(X;) since u is a measure on Q

So,

I
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which shows that A satisfies the third property. 0

Example 2.7. Let Q be a countably infinite set, which you can take as N = {0, 1,...}, and let 22(Q)
be the family of all subsets of Q. Define

0 if X is finite;
U:2(Q) — RU{teo} suchthat p(X)=
oo 1if X is infinite.
Prove or disprove whether u is a total measure on €.
Solution. By definition, u(X) is either O or e, both of which are non-negative. Furthermore, the
empty set is finite, so u(0) = 0. However, u is not countably subadditive. To see why, let X; be
disjoint subsets of Z?(Q), i.e. X; = {i} for i € N. Then,

i=0 i=0
where we assumed the countable subadditivty of u, which leads to a contradiction. U

Example 2.8. Let Q be an uncountable set, which you can take as the set R of real numbers, for
example, and let &2 (Q) be the family of all subsets of Q. Define

0 if X is countable;
U: Z2(Q) - RU{xeo} suchthat p(X)=

o if X is uncountable.

Prove or disprove whether u is a total measure on Q.
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Solution. Clearly, u satisfies the non-negativity and null empty set conditions. We now verify that
U is countably additive. To do so, we shall consider two cases — firstly if all X; are countable, and

secondly if at least one of the X;’s is uncountable.

If all X; are countable, then
0= Hu (UX,) = Z‘U(X,) =0.
i=1 i=1
Here, we used the fact that the countable union of countable sets is countable (see theorem below).

On the other hand, if at least one of the X;’s is uncountable, then we have

| JXi being an uncountable set
i=1

since the union of a countable set and an uncountable set is uncountable. Hence,

o0 = I (OXI') = iu(Xi) = oo.
i=1 i=1

It follows that u satisfies the countably additive property, so indeed,  is a total measure on Q. U

In the previous example, we used the following fact which was proven in MA2101S AY?24/25 Sem 1
Tutorial 1 Question 2(a):

Theorem 2.1 (countable union of countable sets is countable). The countable union of
countable sets is countable; i.e., if I is countable, and {S; : i € I} is a collection of countable

sets, then J;; S; is countable.

Proof. Note that S1,5,, ... are countable. Assume that these sets do not have any elements in common,

otherwise consider S| = S, §5) = $>\S1, 5 = S3\ (81 US2), and so on. In general, for n > 2, we have
n—1
Sy=5\JSi
i=1
and we note that S} is countable for all i € I since any subset of a countable set is countable. We

enumerate the elements of S}, S%,... in the following table:

a a2 aps
az; azy azs

asy dazz ass

Here, a;; is the jth element of S;. So, ¢ : § — N x N, where a;; = (i, j) is injective. It is a known fact

that v : N x N — N is injective, so o ¢ : § — N is injective. It follows that S is countable. [

Example 2.9. Suppose u is an invariant total measure on R such that p([0,1]) = 1. Show that
U ([a,b]) =b—afora,b € Rsuchthat a < b and u(R) = co.
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Solution. Let X C R and a € R. Recall that a total measure u is said to be invariant if yu(a+X) =
1 (X). Suppose X = [0,1] and a € R. Then,

a+X={a+x:x€[0,1]} ={y:y€la,1+a]}.

So, u(la,1+a]) = u([0,1]) = 1. We can repeat this process to obtain the following result for any
neRT:

w(la,1+a))+u((1+a,2+a)+...4+u([n—14a,n+a]) =n
u(la,n+a]) =n

Set b = n+a, so n = b — a, which implies u([a,b]) =b—a.

For the second part, we can think of

R = lim [-R,R].

R—o0

So, we shall set b = R and a = —R, which we obtain u([—R,R]) = 2R. By countable additivity,

I
g
[\
=
I
8

u{ (J[-RR | =) u[-RR] whichimplies u (R)
R=1 R=1
so the second result follows. U

Theorem 2.2 (Vitali). There does not exist a total measure which is invariant on R such that
u((0,1]) = 1.

Intuitively, why is this wrong? If u is translation invariant and ([0, 1]) = 1, then for any n € Z,
t([n,n+ 1]) should also be 1. By countable additivity, it (Z>o) = e because it would be the sum of

infinitely many 1°s.
Proof. Let ~ be the relation on R given by
a~b ifandonlyif a—beQ.
In fact, ~ is an equivalence relation. Now, the interval [0, 1] C R can be decomposed as
[0,1] =je; D; where D; = [0, 1] N E; with E; an equivalence class of ~ .

We say that D; is a Vitali set. Note that [0, 1] is uncountable. Since E; is an equivalence class of ~,
then D; is countable (recall the quotient R/Q). Since [0, 1] is the disjoint union of uncountable many
countable sets, it is also uncountable. This is perfectly fine (have not invoked axiom of choice). Now,

we use the axiom of choice to choose i €  an element d; € D; and set X = {d;:i € I} and 0 € X.

How do we reach a contradiction? Well, we can do so if we can prove that there exists a total measure
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u such that u (X) =0 and u (X) > 0. We claim that
o,11C¢ |J (a+X)C[-1,2].
ac[-1,1]NQ
To see why, pick b € [0,1]. Then, b ~b'. So, a=b—b' € [—1,1], which implies b € a+ X and the
first inclusion follows. The second inclusion follows from the fact that X C [0, 1].
* Case 1: Suppose u (X) =0. Then, p (a+X) =0 for any a € [—1,1]NQ by invariance of total

measure. So,

u U (a+X)] =0 since (a+X)N(a'NX)=0fora#d.
ae[-1,1]NQ
Indeed, if b € (a+X)N(d' +X),thenb—a,b—d € X.Sinceb—a~b—d',thenb—a=b—d,
implying that a = &’. Thus,

po,)=p| U (@+X)|-n U (a+Xx)|\[0,1]

ag[-1,1]NQ ag[-1,1]NQ

=0—0 where second quantity must be 0 by non-negativity of u

which implies u ([0, 1]) = 0, but this is clearly a contradiction.
 Case 2: Suppose U (X) = ¢ > 0. In fact, note that ¢ < 1. Again, by invariance, u (a+X) = c.
Then,

U U (a+X) | = since the LHS is the countable union of countable sets.
ae[-1,1]NQ

However, the union is a subset of [—1,2], which implies e < 3, a contradiction again.

Remark 2.1. 2 ways to move forward:

* Axiom of choice is wrong: Refer to the works of Robert Solovay. Use Set Theory to
construct a universe where the axiom of choice is wrong to obtain a total measure. Some
portion of the axiom of choice is still true enough for most purposes.

* Notion of total measure is wrong: We only need u well-defined on sets that are nice

enough

Example 2.10. Suppose V is a Vitali set. Show that

there exists a sequence of real numbers a, such that R = U (an+V).
n

Solution. We shall select one representative from each equivalence class of R/Q, i.e. for each x € R,
there exists y € R such that x —y € Q. Note that VN (V +r) = 0 for any r € Q but we can use these
translates to cover R. Let a,, = ¢, denote the sequence of rationals, which is countable, so that the

result follows. O
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2.2. o-Algebras and Measures

Definition 2.4 (o-algebra). A sub-collection .o/ of P(Q2) is a c-algebra if one of the following
conditions are satisfied:

i 0,Qe

(i) If X,Y € &7, then X\Y € o/

(iii) If {X,} is a sequence of disjoint members of .7, then

UXwea.

n=1

Remark 2.2. Note that if condition (iii) in Definition 2.4 of a ¢-algebra is replaced by saying
that if X,X, € o7 are disjoint, then X; UX, € <7, then we obtain the definition of a Boolean

algebra.

Example 2.11 (trivial examples of o-algebras). & = {0,Q} and &/ = & (Q) are obvious

o-algebras.

Example 2.12 (intersection of o-algebras also a c-algebra). If <], 9% are c-algebras, then .27j N
g/ is also a o-algebra. More generally, if {A;},.; is a family of c-algebras, then (;c;A; is also a
o-algebra.

Example 2.13. The following example is relatively common. Suppose {X,} is a sequence of
members of ./ which are not necessarily disjoint. Then, we enumerate the members X, X5, X3, ...
and we shall also define Y; as follows:

n—1
Yi=X and Y,=X,\|JX
i=1

For instance, Y» = X5\ X|, Y3 = X3\ (X] UX>) and so on. Then, it is again clear that </ is a c-algebra.

Example 2.14 (smallest o-algebra is Borel). Suppose € C & (Q). Then, there exists a smallest
o-algebra containing % known as the c-algebra generated by % (will visit Borel o-algebra in due

course).

Example 2.15 (Axler p. 38 Question 1). Show that
S= { U (n,n+1]: K C Z} is a o-algebra on R.
nek

Solution. Suppose K =0, then 0 € S. Let

AeS so A= U (n,n+ 1] for some K C Z.
nek

Then,

R\A = U (n,n+1] so the complement of A in R is also the union of half-open intervals.
neZ\K
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Lastly, consider Ay, ... which are disjoint such that

A= U (n,n+1] forsome K; CZ, wherei € N.
nek;

Then,

ﬂCg

U U nn+1
i=1nek;
so indeed, S is a o-algebra on R. O

Lemma 2.1. Let o/ C & (R"). The following are equivalent:

(a) o is the algebra generated by open boxes, which are sets of the form I} x I X ... X I,
where each [ is an open interval, i.e. either (—eo,ay ), (ak,by) , (bg,0) , (—o0,0).

(b) Similar to (b), </ is the algebra generated by closed boxes, which are sets
of the form I} x I, x ... x I,, where each [; is a closed interval, i.e. either
(oo, ak] , [ak, bil , [bk, °0) , (o0, 00).

(c) o consists of sets which are disjoint unions of boxes, i.e. sets of the form I} x ... X [,,

with examples of I being (—eo,ay), (—o0,ay], (ax,by], ... and the list goes on.

Lemma 2.2. Let &/ € &2 (R"). The following are equivalent:
(a) < is the o-algebra generated by open boxes
(b) < is the c-algebra generated by closed boxes
(c) < is the o-algebra generated by bounded open boxes, i.e.

n
H[k with I = [ag, by] .

(d) <7 is the o-algebra generated by closed and bounded (in fact, compact by the Heine-Borel
theorem) intervals Iy, = [ay, by]

(e) o7 is generated by open sets

(f) < is generated by closed sets

Definition 2.5 (Minkowski sum). Consider the operation + for sets in R". If A,B C R”", define

the Minkowski sum of A and B as follows:
A+B= {(611 —|—b1,a2—|—b2,...,an—1—bn) : (a1,...,an) € A and (b],...,bn) EB}

Example 2.16 (MA4262 AY24/25 Sem 1 Tutorial 2). Consider the operation + for sets in R”. If
A,B C R", then set
A+B={(a;+by,ay+by,...,ay+by): (ai,...,a,) €Aand (by,...,b,) € B}.

As mentioned, this is known as the Minkowski sum. For the following, true or false? Justify your

answer.
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(a) If A and B are open, then A + B is open.

(b) If A and B are compact, then A + B is compact.
(¢) If A and B are closed, then A + B is Borel.

(d) If A and B are closed, then A + B is closed.

Solution.

(a) True, since if A and B are open sets, we consider a point p € A+ B, so p=a—+b forsomea € A
and b € B. Since A is open, there exists an €;-neighbourhood centred at a, denoted by Uy, (a);
define Ug, (b) similarly. So, Ug, + U, is an open neighbourhood of p contained in A + B.

(b) True. Since A and B are compact, by sequential compactness, we have a; + by — y for some
sequences a; € A, by € B for all k € N. So, there exists a subsequence ay, — a for some a € A;

the same claim can be made for b. So ay, + by, =+ a+b=y.

Alternatively, consider A x B C R?" which is compact (overkill by Tychonoff’s theorem). Then,
consider A x B — R" via (a,b) — a+ b which is continuous. Since the continuous image of a
compact set is compact, the result follows.

(¢) True, use a similar argument made in the alternative solution to (b).

(d) False. Let

1
A={n:n=1,2,...} and B={—n+—:n:2,3,...} be closed subsets of R
n

We first show that they are closed sets. Note that O is a limit point of A, whereas B is a discrete

set of points (just like A) and it contains all the limit points. However,
A+B={a+b:acAandbc B}
1
= {a—b—i—z a=1,2,... andb:2,3,...}

By considering the case when a = b, we note that 0 is a limit point of A 4+ B. However, 0 ¢
A+B. ]

Definition 2.6 (Borel set). The smallest o-algebra on R” containing all open subsets of R” is
called the collection of Borel subsets of R”. An element of this c-algebra is called a Borel set.
The collection of all Borel sets on R” forms a ¢-algebra, known as the Borel algebra, denoted
by Z(R").If X € (R"), then X is Borel.

I Remark 2.3. One can define Borel algebras for an arbitrary topological space X.

Remark 2.4. The set of Borel algebras is quite robust. One can also use it for other sets of

generators (i.e. boxes that are semi-open).

Example 2.17 (MA4262 AY24/25 Sem 1 Tutorial 2). Show that the Borel c-algebra Z(R) is
generated by the collection of all semi-open intervals (a,b] = {x € R | a < x < b}.
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Solution. We first need to prove that Z(R) contains all semi-open intervals, then prove that the
smallest o-algebra that contains all semi-open intervals (a,b] is Z(R). To prove the first assertion,
we note that
(a,b] = ﬁ (a—i—l,b) :
n=1 "

Since (a+ 1/n,b) is an open interval and the countable intersection of open sets is in Z(R), we see
that (a,b] € Z(R). As for the second assertion, we let <7 be the 6-algebra generated by the collection
of half-open intervals of the form (a,b]. So, <7 is the smallest c-algebra that contains all sets of the
form (a,b]. Observe that

so .o/ also contains all open intervals of the form (a,b), which implies Z(R) C o7 In fact, Z(R) =
. O

Example 2.18 (MA4262 AY24/25 Sem 1 Tutorial 2). Let (X)) be a sequence of Borel sets. Suppose
A, B are subsets of R, such that A consists of all x € R which belong to infinitely many of the sets X,
and B consists of all x € R which belong to all but a finite number of the sets X;,. Show that both A

and B are also Borel sets.

Hint: Show that

(04 +0(A+)

3

Note that if we replace ‘Borel sets’ and ‘R’ by ‘ o-algebra &/ on Q' and ‘Q’ respectively, the

analogous result still holds.)

The set A in the above question is called the outer limit or the limit superior of (X,); the set B in
the above question is called the inner limit or the limit inferior of (X,). We write the limit superior A

and limit inferior B as
limsupX, and liminfX, respectively.
n—soo fi—roe
Solution. For A, we have
x€A ifandonlyif Vm € Z" 3n > m such that x € X,,.
Similarly, for B, we have

x€B ifandonlyif m € Z" such that Vn > m,x € X,,.

We have established the hint. To deduce the main result, we only prove for A (B can be derived
similarly). Note that X, is Borel so we take the countable union of Borel sets, which implies it is also

Borel. Since the intersection of countably infinite Borel sets is also Borel, the result follows. O
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Example 2.19 (MA4262 AY24/25 Sem 1 Tutorial 2). If (X)) is a sequence of subsets of a set @ =R

which is monotone increasing (that is, X; C X, C ... ), show that

limsup X, = U X, = liminfX,,.

n=1

Solution. We know that

limsup X, = ﬂ UX” and liminfX, = U ﬂXn

m=1n=m m=1n=m

Let x € limsupX,. Then,
for all m > 1 there exists n € N such that for all n > m we have x € X,.

So, x € X, for infinitely many n € Z* so it follows that x € X; U.... To show the reverse inclusion, let
x € X1 U..., then there exists n > m such that x € Xj,, i.e. x € X;;, C X, C .... Taking the intersection
over all m € Z™, the result follows. The proof that the liminf is equal to the union of the X,’s is the

same. L]
Example 2.20. Prove that there exist (X,,) C Q = R such that liminfX,, = @ and limsupX,, = Q.

Solution. Consider

¥ R\ [n,n+1] ifnisodd;
R if n is even.

We shall verify that liminfX,, = 0 and limsup X,, = Q. So,

limsup X, = ﬂ U X,

m=1n>m

= [ R\[m,m+1])URU (R\[m+2,m+3])U... (note that there is a similar case)

m=1

Also,

liminfX, = (J [ Xa

m=1n>m

U R\[m,m+1])NRN(R\[m+2,m~+3])N... (note that there is a similar case)
m=1
0

Example 2.21 (MA4262 AY24/25 Sem 1 Tutorial 2).
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(a) Let f: R — R be any function. For any a € R, let
or(a) =limsup {|f (+') = f (") :a— 6 <X ,x" <a+6}.
6—0

The function @y is called the oscillation or amplitude function for f. Show that for any 7 € R,
the set
H={xeR:ws(x)<t} isopen.
(b) Show that f is continuous at a iff @s(a) = 0.
(¢) Show that the set
C ={x€R: fiscontinuous at x}

is an intersection of countably many open subsets of R. Deduce that C is Borel.

Solution.
(a) By definition, for all € > 0, there exists 0 > 0 such that for all X', x" € (a—J5,a+ ), we
have |f(x') — f(x")| <t — €. Here, r > & > 0. Now, consider a point b € (a — §,a+ J), then

If(X) = f(X)| <t—e<t.

So, for every point a € H, there exists a neighbourhood entirely contained in H.

(b) We first prove the forward direction. Say f is continuous at a. Then, for all € > 0, there exists
6 > 0 such that | f(x) — f(a)| < €. Setting x' = x and a = x”, we have |f(x) — f(a)| < €, where
a— 06 < x,a<a+ 0. Note that

a—0<a<a+6 isequivalentto —8 <0< 9.

However, since € can be made arbitrarily small, it follows that ws(a) = 0.

For the reverse direction, say wr(a) = 0, then
limsup{’f(x') —f(x”)’ ra—8 <X, x'<a+6}=0.
6—0

Then, for all € > 0, there exists 6 > 0 such that whenever x',x" € (a — §,a+ &), we have
|f(x") — f(x")| < €. Again, we can take € to be arbitrarily small which implies f is continuous
ata.

(¢) In (b), f is continuous at x if and only if a)f(x) = 0. Consider the sequence of sets

1 oo
Cy= {x eR:wp(x) < —}, which impliesC = ﬂ Co,
n
n=1

where each C, is open by (a). Since C is an intersection of countably many open subsets of R,

it follows that C is open, and hence Borel. 0

Example 2.22 (MA4262 AY14/15 Sem 1 Tutorial 7). Suppose f : R — R is an extended real-valued

function (R means we can take both positive and negative infinity) such that
5
{x ER: f(x)>k> —} isa Borel set forall k € Z,n € N,
n

Prove that f is Borel measurable.
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Solution. We need to prove that for every a € R, the set E = {x € R: f(x) > o} is a Borel set, i.e.
suffices to write E as the countable union of Borel sets, which consequently implies that it is also

Borel.

For each n € N, let k,, be the minimal integer such that k,, /5" > o. Then, (k,+1)/5" < a so

n

We define
= kn
E = R: —
U {x eR: f(x) > 5”}
n=1
and the result follows. U

Remark 2.5. QN[0,1] € Z(R) but QN [0,1] is not Riemann measurable, i.e. 10,1 is not

Riemann integrable.

Definition 2.7 (measure and pre-measure). A measure U is an extended real-valued function
defined on a o-algebra o7 satisfying

(@) p(0)=0

(b) u(X)>O0forall X € o

(c) countable additivity: if {X,} is a sequence of disjoint sets in <7, then

H (OXn> = i.u(Xn)-
n=1 n=1

A pre-measure U is an extended real-valued function on an algebra o7 satisfying (a), (b) and if

{X,} is a sequence of disjoint sets in ./ such that

OXned, then “(DXH) = iu(Xn).
n=1

n=1 n=1

Definition 2.8 (measure space). A triple (Q,.2,11) on 7, where is a c-algebra on Q, u
is a measure on .o/, is said to be a measure space. If X is in </, we sometimes say that X is

p-measurable. We also call (Q,.27) a measurable set.

Example 2.23. Any total measure is a measure on & (Q).
Example 2.24. On the algebra, one can define a pre-measure by setting
w(ly x...xh)=0(L)-...-£(I)
and
b —ay if Iy = (a, bi), [a, bi], (a, bi], [br, ax);

oo otherwise.

C(Ik) =
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This can be extended to a unique measure on % (R") but this requires Carathéodory’s extension

theorem.
Lemma 2.3. Let (Q, .o, 1) be a measure space. Then,
X Yed XCY = uX)<u(y).
Moreover, if 1 (X) < oo, then
pN\X)=p(Y)—p(X).
Proof. Since X CY,thenY = (Y\X)UX,sou(¥Y)=puY\X)+u(X). O
Lemma 2.4. Suppose {X,} is an increasing sequence. Then,
u (UX) = lim p1(X,).
Proof. We assume that Xy = 0. Define

CJ O m\Xm 1
n=1 m=1

N
= lim U (U (Xm) — 1 (Xm—1)) by property of disjoint union
N—yoo
= li X,
dim i (Xw)
Since N is a dummy variable, we can replace it when n and the result follows. [

2.3. Carathéodory’s extension theorem

Definition 2.9 (finite measure and o-finite measure). Suppose (Q, .27, 1) is a triple such that
</ is a o-algbera and U is a pre-measure defined on the members of .<7. We say that

(a) w is finite if u(Q) < oo;

(b) u is o-finite if Q = J, Q, with each Q, € &/ and u(Q,) < e

Example 2.25. Give an example of a measure space (X,.#, i) such that
{UW(E):E €.} =[0,1]U[3,00].
Solution. Let X = [0,1]U[3,] and .7 to be the set of all measurable subsets of X. We have
x €1[0,1] if EC[0,1];
H(E) = {y € [3,] if E C [3,00]
x+y, where x € [0,1] and y € [3,00] if E is the disjoint union of A C [0, 1] and B C [3,c0].

Note that for the third case, u(E) = u(A)+ u(B) =x+y. O
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Theorem 2.3 (Carathéodory's extension theorem). Suppose (Q,.27, ) is a triple where &/
is an algebra and u is a pre-measure defined on members of <7. Then, p can be extended to a

measure (' on the o-algebra generated by .7. Moreover,

if W iso-finite then ' is the unique such extension.

We will briefly discuss the proof of Carathéodory’s extension theorem in just a bit. For the
existence part, the proof comprises two steps.
(1) We construct an outer measure from L.

(2) This outer measure can be restricted to a measure.

Definition 2.10 (outer measure). Let Q be a domain. Then, we say that

p: 2(Q) - RU{eo} is an outer measure if

@ u(0)=0;
(i) if X CY CQ, then 0 < u(X) < u(Y);
(iii) countable subadditivity: Given that A = |, A, then

Ju(4) < Y u'(a).

The following lemma tells us how to extend our pre-measure to an outer measure.

Lemma 2.5. Suppose u is a pre-measure defined on some algebra <7 of subsets of Q. Then,

for any X C Q, we define u* to be

w(X)= inf{Zu(A,,) :{A,} covers X and A, € %} ,  which is an outer measure.
n
Moreover, u* extends . That is to say, for X € o7, u*(X) = u(X).
Proof. We first prove that u*(X) < u(X). Suppose (A,) is a sequence in .7 such that

X C UA,,, then we say that A, is an <7 -cover of X.
n

Since 0 € <7, we have u*(0) = 0. Also, given any X C Y C Q, then any cover of Y using sets from .o/
also covers X. By taking infimums, p*(X) < u*(Y).

We then let (X),) be a sequence of subsets of Q and

X =JX..
n
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So, for all € > 0 and each n-cover (A, ,)m of X, such that

. €
2 M (Anm) < 1 (Xa) + o7

The sets A, ,, form a countable cover of X, i.e. similar to Cantor’s proof of Q being countable, we

shall enumerate the sets By, ... in the following fashion:

By =A11 By=A1p Bs=Ajp
B3 =Ay Bs=Ay»n Bg=A
Bs=A31 By=A3 Bj3=A33

Hence,

W) = (an> <Y R () < X (B () 57) = L' (X%,) +2¢

n

Since € > 0 was arbitrary, it follows that
w (UXn> < Z“* (Xn) -
n n
Since for any X € &7, the set X itself forms a cover, it follows that p* extends y and so u*(X) < u(X).

Now, we prove that u(X) < u*(X). Let (A,) be an «7-cover of X. Then, define By = ApNX and

for n > 0, define B, recursively as follows:

n

Bui1 = (A1 NX)\ | (AN X)
k=0

For example,

B = (A] ﬂX)\(Ao ﬂX)
By = (A2 NX)\((AgNX) U (A1 NX))

Then, B, € <7, the B,, are disjoint, and

| |Ba=X.

n

and u(B,) < u(Ay). Since U is a pre-measure on .7, then
HX) =) u(Ba) <) u(An).

Since this holds for any o7 -cover of X, then u(X) < p*(X). Hence, equality holds. O
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Definition 2.11. We say that § C Q satisfies Carathéodory’s splitting condition with respect

to the outer measure p* if

wWX)=p"(XNS)+u*(XNs') foralXCQ and § =Q\S.

Proposition 2.2. Let S C Z2(Q) be the collection of subsets that satisfies Carathéodory’s
splitting condition. Then, S is a 6-algebra of subsets of Q. Hence, o (<) C S and the restriction

of u* to the o-algebra of &7 is a measure.

The key to the proof of the uniqueness of Carathéodory’s extension theorem is the following

lemma, often referred to as Dynkin’s theorem:

Lemma 2.6 (Dynkin's theorem). Suppose <7 is an algebra of subsets of Q. Let 6(<7) be
the o-algebra generated by .</. Then o(<7) is the smallest A-system containing <7, where a
collection & of subsets of Q is called a A-system if it satisfies the following conditions:

(a) Qe¥

(b) Closure under complement: for X € ¢, we have X' = Q\X is also in €.

(c) Closure under disjoint union: for a disjoint sequence (X,,) € ¢, we have |J, X, € €.

Definition 2.12 (complete measure). A measure i defined on a 6-algebra <7 of subsets of Q
is complete if forall X CU C Q with U € o7 and u(U) =0, we also have X € ./ and u(X) =0.

Lemma 2.7. Suppose U is a complete measure defined on a o-algebra <7 of subsets of Q.
Then,

foral LCX CU CQ suchthat LU € o and u(L) = u(U) < oo,

we also have X € &7 and u(L) = u(X) = u(U).

Proof. Since @ C X\L C U\L, then 0,U\L € </ and u(0) = u(U\L) = 0. Hence, X\L € </ and
1(X\L) = 0. The result follows. O]

We have a nice theorem due to Maharam that has close ties with Functional Analysis. This is a

deep result about the decomposability of complete measure spaces, which plays an important role in

the theory of Banach Spaces (perhaps this might be covered in MA4211).

Theorem 2.4 (Maharam). Every complete measure space can be decomposed into non-atomic
parts, i.e. copies of products of the unit interval [0, 1] on the reals, and purely atomic parts, using

the counting measure on some discrete space.
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2.4. Lebesgue Measure

As expected, we define 4+ and — on R? to be vector addition and subtraction respectively. There
are several definitions of Lebesgue measure on R¢. We will use the following, which is also Prof.

Tran’s favourite as it is close to the definition of Haar measure on a locally compact group:

Definition 2.13 (Lebesgue measure). The Lebesgue measure A on R is the unique measure
defined on a o-algebra .Z(RY) satisfying the following properties:

(1) open/Borel measurably: every Borel set is measurable.

(2) translation invariance: for X € . and a € R?, we have A(a+X) = A(X)

Recall that a +X = {a+X:xe€X}. So, if a = (aj,...,aq) and b = (by,...,b,),
where a,b € R? clearly, we have a +b = (a; +by,...,aq+by)
(3) inner/outer regularity: if X € .Z, there exist

a countable union of compact sets X; and a countable intersection of open sets X»

such that X; C X C X; and A(X;\X;) = 0. It follows that A(X;) = A(X) = A(X>).

(4) normalisation on a unit cube: A([0,1]%) = 1

(5) completeness: if N C . is such that A (N) = 0, then for all X C N satisfying X € .Z, we
have A (X) =0.

If we construct a natural pre-measure on open boxes, closed boxes, etc. and use Carathéodory’s
extension theorem to extend it, we can obtain a measure U satisfying all the aforementioned properties

except completeness. However, we can do a completion of this measure to obtain a Lebesgue measure.

Proposition 2.3. Let.oZ = o7 (R?) be the collection of subsets of R consisting of finite unions

if disjoint boxes. Then, there exists a unique pre-measure [y defined on <7 such that

d
,Ll()([al,bl] Xooc [ad,bd]) = H(bi —a,-).

Theorem 2.5 (existence of 1). The Lebesgue measure on R? exists.

outer measure is a measure on (R,.Z).

Theorem 2.7 (Lebesgue measurable sets). Let A C R. Then, the following are equivalent:
(a) A is Lebesgue measurable

‘ Theorem 2.6. The set .Z of Lebesgue measurable subsets of R is a o-algebra on R. Also, the
| (b) For all € > 0, there exists a closed set F C A such that |A\F| < €
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(c) There exist closed sets Fi, ... C A such that [A\U;_; Fx| =0

(d) There exists a Borel set B C A such that |A\B| =0

(e) For all € > 0, there exists an open set G D A such that |G\A| < &
(f) There exist open sets Gy,... D A such that |(;_; Gx\A| =0

(g) There exists a Borel set B O A such that [B\A| =0

Proof. We first prove that (b) implies (¢). Suppose (b) holds. Then, for every n € Z™, there exists a
closed set F,, C A such that |A\F}| < 1/n. Note that

1
< |A\F,| < —.
<Rl <~

AR

k=1

A\ U Fy CA\F, foralln € Z* which implies
k=1

Hence, (c) is proven.

We then prove that (¢) implies (d). Suppose there exists a sequence of closed sets Fi,... C A such
that |[A\ U;_; Fx| = 0. As the countable union of closed sets is Borel, then we can take the Borel set B

to be the union of F;, thus proving (d).

We then prove (d) implies (b). Then, there exists a Borel set B C A such that |[A\B| = 0. Note that
A = BU(A\B). Since B is a Borel set, then B € .Z (i.e. B is Lebesgue measurable). By definition,
A\B € Z too since A\B has outer measure 0. Since .Z is a 0-algebra, then &/ € £, proving (b).

Next, we prove that (b) implies (e). Suppose (b) holds. Let A € .Z and € > 0 be arbitrary. Since
R\A € .Z (justified as .Z is closed under complementation), there exists a closed set FF C R\A such
that |(R\A)\F| < €. Note that R\ F is open (by complementation) such that A C R\ F. Since

(R\F)\A4) = (R\A)\F, then |(R\F)\A|<e.

Hence, (e) holds. I'm lazy to prove the remaining implications, i.e. (e) implies (f), (f) implies (g), and
(g) implies (b) — I might re-edit the notes again if I’'m happy but you can find the proofs in Axler’s
book. [

Example 2.26. Let E C R. Prove that if £ € .Z, then for any € > 0, there exist open sets G1,G; € R
such that E C G|, R\E C Gy and A(G1NGy) < €.

Solution. We first prove the forward direction. Suppose E is Lebesgue measurable. Then, for any

€ > 0, there exists an open set G; C R such that
ECG; and A(G\E)<¢g/2.
Since R\E € .Z, then there exists an open set G, C R such that

R\EC G, and A(Go\(R\E)) < /2.
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Now, we need to prove the last result, which states that for all € > 0, we have A(G; N G>) < €. To see

why this is true, we have
;L(Gl ﬂGz) = A(Gl NGy ﬁE)—I—A(Gl NGy ﬂE/)
<A(GNE)+A(GiNE")
= A(G2\(R\E)) +A(G1\E)
=¢g/24+¢€/2=¢
and we have proven all three statements. 0

Example 2.27 (Axler p. 60 Question 1). Prove that the set consisting of numbers in (0, 1) that have
a decimal expansion containing one hundred consecutive 4s is a Borel subset of R. Determine the

Lebesgue measure of this set.

Solution. Let S be the mentioned set. Note that any number strictly between 0 and 1 has the following
decimal expansion: x = 0.ajapas ..., where g; € {0, 1,...,9} for all i > 1. So, we consider all numbers

x of the following form,
O0.aiay...ajajy...aj499...
where there exists j > 1 such thata; =aj 1 = ... = aj 99 = 4. We then define I, to be the interval

I, =(0.a1ay...a,_1444...4,0.a1a; . ..a, 1444 ...4999 . ..)

which represents numbers such that starting from the n'" digit, have exactly 100 consecutive 4s. So,

()

S= U I, where each [, is an open interval.

n=1
Since intervals are Borel sets, and the countable union of Borel sets is also a Borel set, the first result

follows.

We then determine the Lebesgue measure of this set. Note that
[I;| = 0.000999... where there are 100 zeros after the decimal point
1 1 —100
:9(W+10—w2+...) =10

L|=10"101,

the width of the intervals 1,,, which evaluates to % - 107 (loosely speaking, the Lebesgue measure is

L| = 107192 and so on. So, the Lebesgue measure of S, A(S), is the sum of

Similarly,

in fact O but I have difficulty justifying it rigorously.). U

Example 2.28 (Axler p. 60 Question 6). Suppose A C R. Prove that A is Lebesgue measurable if
and only if
|(—=n,n) NA|+|(—n,n)\A| =2n

foreveryne Z™.
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Solution. For the forward direction, suppose A is Lebesgue measurable. Then, (—n,n) NA is also
Lebesgue measurable and (—n,n)\A is also measurable. The reason that the latter holds is because
the complement of a measurable set is also measurable. Since the Lebesgue measure is additive over
disjoint sets, i.e. A(ALUB) = A(A) + A(B), then because (—n,n) NA and (—n,n)\A are disjoint, it
follows that

|(=n,n) VA4 |(=n,n)\A| = A((=n,n) NA) + A ((—n,n)\A)

= A(((=n,n)NA))U((=n,n)\A))
=A((—n,n)) =2n

For the reverse direction, we suppose that A C R such that |(—n,n) NA|+ |(—n,n)\A| = 2n. We wish

to prove that A is Lebesgue measurable. Since

U (—n,n) 1isacovering of R,

n=1
the additivity of measure on disjoint unions implies that the condition must hold for any interval
ACR. U

Theorem 2.8 (Axler p. 60 Question 10). Let A and B be disjoint subsets of R such that B is

Lebesgue measurable. Then,

[AUB| = |A| +|B).

Note that every countable subset of R has outer measure 0. Recall that every outer measure u*
satisfies countable subadditivity. Let A = {aj,...,a,...} be a countable subset of R. Then, for € > 0,
define

& E
I, = (ak— ?,ak—F?) .

Then, I, ... is a sequence of open intervals whose union contains A, i.e.
UIk D) {al,...,ak,...} =A.
k=1

So,

°° — |
Al < u” (Ulk> Skzlu*(lk) =2e) 2% =2¢.
k=1 =

k=1

Since € can be made arbitrarily small, then |[A| = 0. So, a reasonable question arises is whether the
converse holds, i.e. if a set A has outer measure 0, is it countable? The Cantor set provides an answer to
this question. The Cantor set also gives counterexamples to other reasonable conjectures. For example,
the sum of two sets with Lebesgue measure 0 can have a positive Lebesgue measure. We will discuss

this in due course.
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Definition 2.14. The Cantor set C is defined to be
[0 1]\DG where G, = 12 and
bl n_l n n — 37 3

for n > 1, Gy, is the union of the middle-third open intervals of the form

n—1

0,1\ | G;.

J=1

Figure 1 illustrates the Cantor set can be constructed, where the top row denotes the closed unit
interval [0, 1]. The second row denotes [0, 1]\ (1/3,2/3), or rather, [0, 1]\G;. The third row denotes
[0,1]\(G1 UG>) and so on.

Figure 1: Construction of the Cantor set
Base 3 representations, or ternary representations, provide a useful way to think about the Cantor set.
Justas 1/10 = 0.1 =0.09999... in the decimal representation, base 3 representations are not unique
for fractions whose denominator is a power of 3. For example, 1/3 = 0.13 = 0.02222.. .3, where the

subscript 3 denotes a base 3 representation.

Notice that G is the set of numbers in [0, 1] whose base 3 representations have 1 in the first digit
after the decimal point (for those numbers that have two base 3 representations, this means both such
representations must have 1 in the first digit). Also, G; U Gj is the set of numbers in [0, 1] whose base
3 representations have 1 in the first digit or the second digit after the decimal point. And so on. Hence

U1 Gy, is the set of numbers in [0, 1] whose base 3 representations have a 1 somewhere.

Thus we have the following description of the Cantor set. In the following result, the phrase ‘a base 3
representation’ indicates that if a number has two base 3 representations, then it is in the Cantor set if
and only if at least one of them contains no 1s. For example, both 1/3 (which equals 0.02222.. .3 and
equals 0.13) and 2/3 (which equals 0.23 and equals 0.12222.. .3) are in the Cantor set.

Theorem 2.9. Let C denote the Cantor set. Then, the following hold:
(a) Cis aclosed subset of R
(b) A(C)=0

(¢) C contains no interval with more than 1 element

Proof. We first prove (a) by showing that it is the intersection of two closed sets. Recall that each G,

in the definition of the Cantor set can be regarded as the union of open intervals, so each G, is an
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open set. Since the countable union of open sets is also open, then

U G,, is open.

n=1

As

oo

c=10,1]\{J G,

n=1

we see that C is closed since its complement is open in [0, 1], thus proving (a).

To prove (b), we wish to show that its Lebesgue measure is 0. One can prove using induction that

1 2n—1
each G, is the union of 2"~ ! disjoint open intervals, each of length 3 SO |G| = T

Since the G,,’s are disjoint, then

o0 znfl

ci=lo1l- Y16 =1- L ;

n=1

=0

which proves (b). Since C has Lebesgue measure 0, then it cannot contain an interval with more than

1 element, which proves (c). ]

Example 2.29. Let C denote the Cantor set. We will prove that {x/2+y/2:x,y € C} =[0,1].

First, let
A={x/2:xeC} and B={y/2:yeC},

for which A(A) = A(B) = 0. Since A(C) =0, then A(A) = A(B) =0since A(A) = A(B) < A(C) (by a
symmetric argument). We now prove that A (A + B) = 1 as stated, which is equivalent to showing that
A+ B = [0,1]. Actually, we will first show that the sum of two Cantor sets, i.e. C+C, is the closed

interval [0, 2], then re-scale to the unit interval which would suffice as an explanation.

A nice trick is to use ternary representation. Let x,y € C such that

> a = b,

n
xX= E = and y=) —.
n=1 3 n=1 3

Here, a,, b, € {0,1,2}. Then, x+y covers all of [0,2]. Let z € [0, 2], then it has a ternary representation

as follows:
il 0,1 ifn=0;
7= Z n where ¢, =
n=0 0,1,2 ifn>0.

Note that if ¢o = 0, then z € [0, 1]; otherwise, z € [1,2]. It suffices to show that
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Given c,,, we can construct a, and b,,. For example, if ¢,, = 0 and has no carry-over from a,,| + b, 11,
we set a, = b, = 0; if ¢, = 0 and has carry-over from a, | + b,,+1, we set a, = 2 and b,, = 0. There

are several other cases but we will not discuss them.

Example 2.30 (MA4262 AY24/25 Sem 1 Tutorial 3). Let A be the Lebesgue measure on R and .Z
be the collection of Lebesgue measurable sets in R. Are the following statements true or false? Justify
your answer.

(a) If X € .Z is uncountable, then A (X) > 0.

(b) There is a closed set C which is a proper subset of [0, 1] such that A(C) = 1.

(c) If X are Y are Lebesgue measurable, then A (X UY)+A(XNY) =A(X)+A(Y).

(d) There is a closed subset C C ([0,1]\Q) with A(C) > 0.

Solution.
(a) False. Consider the Cantor set C which is uncountable but A (C) =0
(b) True. Consider [0, 1] and remove all the rational points (the rationals form a countable set. Label
the resulting set C, which is closed since it contains all its limit points. Since the measure of
irrationals in [0, 1] is 1, the result follows by construction.
(c) Truesince A(XUY)=A(X)+A(Y)—A(XNY).

(d) True, see (b) for something similar. OJ

Definition 2.15. A subset of R is Fg if it is a countable union of closed subsets of R (closed
can be here replaced by compact). A subset of R is Gg if it is a countable intersection of open

subsets of R.

Theorem 2.10 (MA4262 AY24/25 Sem 1 Tutorial 3). A closed set is G5 and an open set is
Fs.

Proof. We first prove that a closed set is Gg. Let [a,b] be an arbitrary closed subset of R. We can

write

[}

1 1
la,b] = ﬂ (a ——,b+ —) which is a countable intersection of open subsets of R.
n n

n=1

We then prove that an open set is F. Let (a,b) be an arbitrary open subset of R. We can write

= 1 1
(a,b) = U [a ——,b+ —} which is a countable union of closed subsets of R.

n n
n=1

The result follows. ]

I Theorem 2.11 (MA4262 AY24/25 Sem 1 Tutorial 3). Q is F5 but not Gs.

Proof. Let g € Q. Then, {q} since singletons are closed sets. So,

Q= J{q} whichis a countable union of closed subsets of R.
qcQ
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It follows that QQ is Fiz. We then prove that Q is not Gg. This follows from the fact that QQ is the
countable union of nowhere-dense sets (we say that such sets are meagre from a topological point-of-

view). ]

Theorem 2.12 (MA4262 AY24/25 Sem 1 Tutorial 3). There is a Borel set which is neither
Fs nor Gg.

Proof. Consider the complement of the Cantor set C in [0, 1]. O

Example 2.31 (MA4262 AY24/25 Sem 1 Tutorial 3). Let A be the Lebesgue measure on R? and
% be the collection of Lebesgue measurable sets in R%. Let f : R? — R?, (x,y) — (y,x) be reflection
by the line x = y. Without using the fact that continuous functions are measurable, show that

(a) X is Fg if and only if f(X) is Fg;

(b) X is Lebesgue measurable if and only if f(X) is Lebesgue measurable.
Solution.

(a) Suppose X is Fg. Then,

X = U C, where C, is closed in R? for all n € N.

Hence,
:f<UCn> = Uf(c
n=1 n=1

We need to prove that each f(C,) is closed in R%. Note that f is bijective and continuous (i.e.
a homeomorphism) so the image of any closed set under f is also closed. Hence, f(C,) is
closed in R?. The proof of the reverse direction is similar as one would need to use the fact that
f : R? = R? is a homeomorphism.

(b) Suppose X is Lebesgue measurable. Then, for all € > 0, there exists an open set G O X such that
|G\X| < €. Since f is a homeomorphism, then f(G) is open and f(X) C f(G). Also, since f is
measure-preserving, then A (f(G\X)) = A(G\X) < €, which shows that f(X) is also Lebesgue

measurable. Similar to (a), the reverse direction of the proof uses the fact that f is invertible. [

Example 2.32 (MA4262 AY24/25 Sem 1 Tutorial 3). Let X C R such that A (X) > 0. Prove that for
each a € (0,1), there exists an open interval I = (a,b) so that A(X N1) > aA(I). Loosely speaking,

X contains almost a whole interval.
(Hint: Choose an open set U that contains X, and such that A (X) > oA (U). Write U as the countable
union of disjoint open intervals, and show that one of these intervals must satisfy the desired property.)

Solution. Note that A(I) = b —a. Let U O X be an open set such that A (X) > oA (U). We then write

U= |_| an,b so AU i by —ay)
n=1

n=1
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So,

aA(U)<A(X)=A(XNU) = (Xm|_| an,b ) i A (X N (an,b i A(XNI,)

Here, I, = (ay,,b,). Suppose on the contrary that for all intervals I, = (ay,b,), we have L (X N1,) <

oA(I,). Then, summing over all n, we have
Y AXnL) <a) Al)=ar(U),
n=1 n=1
which is a contradiction. 0

Definition 2.16 (dyadic cubes). The dyadic cubes are a collection of cubes in R” of different
sizes such that the set of cubes of each scale partition R” and each cube in one scale may be

written as a union of cubes of a smaller scale.

Proposition 2.4 (construction of dyadic cubes). In Euclidean space, we can construct dyadic
cubes as follows. For each k € Z, let A be the set of dyadic cubes in R" of side length 2% and

corners in the set
2k = {Z’k(vl,...,vn) 1vj € Z}.

Let A= U2, A

Theorem 2.13. Here are some important features of dyadic cubes.
(a) For each k € Z, A partitions R".
(b) All cubes in A; have the same side length, namely 27k,
(c) If the interiors of two cubes Q,R € A have non-empty intersection, then either Q C R or
RCOQ.

(d) Each Q € Ay may be written as a union of 2" cubes in A with disjoint interiors.

2.5. Product Measure

In Probability Theory, one often needs to consider the space obtained from taking an infinite
product of a certain space (e.g. {H,T}Y). One would like to do analysis on such space, which calls

for a rigorous definition of measure.
Definition 2.17 (product c-algebra and product measure). Let
(Q1,9,1) and (Qp,9%,1;) be measure spaces.

The product c-algebra &7 = 27| ® o7 is the smallest c-algebra containing A| X Ay, where A| €
1 ,Ay € 7. Also, the product measure (L = () ® Uy is the unique measure defined on &) ® .o%
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such that

[,L(Al XAz) = ,u|(A1)[,l2(A2) forall Ay € ,A, € ot

Lemma 2.8. Let o/ be the collection of unions of finitely-many disjoint rectangles, i.e.
sets of the form A; x A, where Ay € &,A, € ab.

Then, <7 is an algebra and 7] ® o7, is the c-algebra generated by <7
Lemma 2.9. There exists a unique function L : &7 — R such that

Ho(A1 x Az) = pi (A1) 2(A2)  and  po(AUAT) = p(A) + p(4').

Lemma 2.10 (replacement of compactness). If A() D A) D ... € o such that

OA(”) =0 then we have ’}iglgouo (A(")> =0.

Theorem 2.14. When Q,Q,; are o-finite, then the product measure ( = (| ® Uy exists.

Definition 2.18 (cross-section). Let X and Y be sets and suppose E C X x Y. Then, for any
a € X and b € Y, we define the cross-sections [E], and [E]” as follows (relate to fiber):

[Ela={yeY:(a,y)€E} and [E]’={xeX:(x,a) €E}

Example 2.33. Suppose X and Y are sets such that X x Y represents an ellipse in R? (this is merely

for illustration purposes). Figure 2 depicts some of the cross-sections of X x Y.

Y Y

“ X P X

Figure 2: Some cross-sections of X X Y
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Example 2.34. Suppose X and Y aresetsand A C X and BCY.Ifa€ X and b €Y, then

B ifacA, b A ifbeB,
[AXB|,= and [AxB]”=
0 ifag¢A 0 ifb¢B,

We will only verify for the first piece-wise equation, i.e. involving [A x B],. By definition, [A X B, =
{y €Y :(a,y) € AxB}. Note that if a € A, then a € X, so we must have y € B. On the other hand, if
a ¢ A, then (a,y) A X B.

Definition 2.19 (infinite product measure). Let (Q,,.97,, U,) be a sequence of measure spaces.

Then, define

®%:G({J2/1x...x;z%nxQnHx...:AiEQﬁforsomeieN}).
neN

Note that this o-algebra can also be generated by 1 X ... XA, X Q,11 X ..., etc.

I Theorem 2.15. The infinite product measure exists and is unique.

Proof. Use Carathéodory’s extension theorem. [

Definition 2.20 (infinite probability measure). Extending to Probability theory, a measure
space (Q,.%,P) is a probability space if P(Q) = 1. When (Q,,.%,,P,) is a sequence of

probability spaces, then we define

n
®Pn(A1 X ... XA, X 'Q'n—l—l X ) = H,LL,‘(A,').
neN i=1
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3. Integration

Wish to exchange limit and integral. The main topics discussed are the monotone convergence

theorem (MCT), Fatou’s lemma, and the dominated convergence theorem (DCT).

Definition 3.1 (measurable function). Let (Q, %7, 1) be a measure space. A function f : Q —
R is said to be measurable if for all o € R,

L?(a) ={xeX:f(x)> o} ismeasurable.
Also, a function f : Q — RU {£eo} is measurable if

f~!(—o0) is measurable and L]%(Oc) is measurable for a € [—oo,00].

Lemma 3.1 (integrability of characteristic function). Let (2,27, 1) be ameasure space, A C Q
and
1 ifxeA;

14(x) = denote its characteristic function.
0 ifx¢gA

Then, 14 is measurable if and only if A is measurable.

Proof. Note that

and the result follows. ]

Lemma 3.2. Let (Q,.<, 1) be a measure space. Then, the following are equivalent for any
f:Q—=R:

(i) f is measurable

(ii) for all @ € R, we have f~'([or,)) € o/ is measurable
(iii) for all @ € R, we have [~ ((¢t,)) € .o/ is measurable
(v) forall @ € R, we have f—

(vi) For all Borel subsets X C

i
i )
(iv) for all & € R, we have f~!(—oo, @] € &7 is measurable
(—o0, ) € o7 is measurable
R

, f~1(X) is measurable

Proof. We will only prove (i) implies (ii). To see why, let f be measurable. Then,

L7 (@) ={xeX: f(x) > a} = f~'([a,%)) so (i) follows.

Might write the proofs of the other implications if I feel like it. [
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I Lemma 3.3. Let f: R"™ — R be a continuous function. Then, it is measurable.

Proof. Tt suffices to prove that if f is continuous, then f~!((a,0)) is measurable. This is true because

f~'((er,)) is open and hence Borel. O

Lemma 3.4. Let (Q, <7, 1) be a measure space. Suppose f and g are real-valued measurable
functions. Then, we have the following:

(a) f+ g is measurable

(b) cf is measurable for c € R

(c) fgis measurable

(d) |f|is measurable

(e) max{f,g} is measurable

Proof. We first prove (a). Here’s a rough sketch. Consider

{x:f(x)>t}n{x:g(x) > o —t}.

This is the intersection of measurable sets, which is also measurable. If we know that f(x) > r and

g(x) > o —t, then f(x)+ g(x) > a. Putting everything together, we have

{xif)+eg)>al=J {x: f0) >gtn{x:glx) > a—gq}
q€Q
Since this is the countable union of measurable sets, then (a) follows. Showing that the above is an
equality is left as an exercise in class. I’ll prove that in this set of notes. We have RHS C LHS being
trivial; LHS C RHS follows from the fact that QQ is dense in R (need to avoid union over all r € R

since this would yield an uncountable union).

To prove (d), we need to use the definition of the absolute value function; to prove (c), we need

to invoke the identity

(f+8)?*—f2—g
2

fg=
and (e) follows by considering the following intersection:
{xeX:f(x)<a}ln{xreX:gkx) <a}
since max { f(x),g(x)} < o if and only if f(x) < o and g(x) < .. O

Definition 3.2 (pointwise limit). Let Q be a measure space and f, : Q — R be a sequence

of functions. We say that f : Q — R is the pointwise limit of f, if for all x € Q, we have

Ja(x) = f(x).
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Definition 3.3. We say

f=supfuif f(x) =supfu(x) and f=inff,if f(x)=inffy(x).

Also,

f =limsup f, if f(x) = Wlll_rilm sup fu(x) and f =liminff, if f(x) = lim inf f,(x)

= m—een>m

Lemma 3.5. Suppose f is a pointwise limit of f;,. Then,
f =limsup f,, = liminf f,.

Conversely, if limsup f, = liminf f, is a function f, then f is the pointwise limit of f;,.

Lemma 3.6. Suppose (Q,7,u) is a measure space and f, is a sequence of measurable
functions on Q. Then, the following hold for f : Q — R:
(i) If f =sup f,, then f is measurable
(ii) If f =inf f,,, then f is measurable
(iii) If f = limsup f;, then f is measurable
(iv) If f =liminf f;, then f is measurable

(v) If f is the pointwise limit of f,, then f is measurable

Proof. Note that (ii), (iii), and (iv) follow from (i). To prove (i), we note that f, is a sequence of

measurable functions so

ﬂ {xeQ: f(x) <a} ismeasurable.
neN

As such, {x € Q: f(x) < a} is measurable, which concludes that f~!(—oo, /] is measurable. In fact,
(v) follows from (i) as f =1lim f;; so f = limsup f,. [

Definition 3.4 (almost everywhere). We say that a property holds almost everywhere on Q if
there exists N € .o/ with u(N) = 0 such that for all x € Q\N, P(x). We abbreviate this as P(x)
a.e., or P holds a.e. for all x € Q.

Example 3.1. f, converges pointwise to f almost everywhere. This is equivalent to saying that f,

converges almost everywhere to f.

Example 3.2. f = ga.e. is equivalent to saying that f = g except on some null set N € o/ such that
1(N)=0.

Example 3.3. Let M (Q,.«/) denote the collection of non-negative measurable functions. If

feEM(Q,o,u) and /f:O, is it true that f = 0 a.e.?
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Solution. Yes. Suppose on the contrary that the statement is false. Then, for all N € </, we have

1(N) > 0, which implies
[ranz [ rau>o.
N
This is a contradiction. O]

Corollary 3.1. Suppose f; is a sequence of functions and f,, converges to f almost everywhere.

Then, there exists a measurable function
f=f almost everywhere

such that f, converges to ]7 Furthermore, if u is a complete measure, then f is measurable.

Proof. There exists a null set N € .7 where t(N) = 0 such that x € Q\N and f,, — f. Set

fo ifx e Q\N; o flx) ifx¢N;
gn= which implies g =
0 ifxeN. 0 ifxeN.

Since g, is measurable, then g is measurable. Note that g = f almost everywhere, g, — g pointwise,
fn = gn almost everywhere, and f, — g almost everywhere. Hence, we have proven the first part of

the corollary by choosing f: g. The second part is trivial 0

Definition 3.5 (simple function). A function f: Q — R is simple if there exist finitely many
disjoint sets Ey, ..., E, such that Q = | |E; and on each E;, f is a constant.

Lemma 3.7. Suppose f is a simple function in standard form as defined above. Then,

f is measurable if and only if E; is measurable forall 1 <i <n.

Proposition 3.1. Suppose f is measurable. Then there exists a sequence of measurable simple

functions ¢, which converges pointwise to f. Moreover, if f > 0, then ¢, < ¢, .

Proof. We first prove the case where f is restricted to be non-negative. Then, let n be arbitrary. Set

% if f(x) € [2%, k;?,l) , Where k € Z>( and 2—",1 <3n;
On(x) =

0 otherwise .

Note that ¢, is measurable as
0r ' (,00] iscither £ (Lot ,o0) or £ (o) = 1,00).

By construction, ¢, < ¢, .1 < f so |f- ¢, < 1/2% for all x < n. Hence, ¢, — f pointwise.
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For general f, let

fr=max{f,0} and f =min{f,0}.

Then, fT and f~are measurable. We obtain sequences of functions ¢, and ¢, which converge to f

and f~ pointwise, where ¢,", ¢, > 0. Finally, ¢, = ¢, — ¢, , which converges pointwise to f. U

Example 3.4. Suppose f : R — R is differentiable. Show that f’(x) is a Lebesgue measurable

function. Hint: Write f(x) as a limit of a sequence of functions.

Solution. Since f is differentiable, then

7/0) = tim T ZTED _ [f (x+%) —f(x)} -

Define
o) = (w4 1) =)

Each function f,(x) is measurable because it is constructed from f, which is differentiable (hence
continuous, and thus measurable). As the pointwise limit of a sequence of measurable functions is

also measurable, the result follows. ]

Definition 3.6 (uniform convergence). Recall that f, is said to converge uniformly to f if for
all € > 0, there exists N € N such that for all n > N, we have |f, — f| < €.

Recall from MA3210 that a sequence of functions that converges pointwise need not converge

uniformly. However, Egorov’s theorem (which we will state in just a bit) mentions that
a pointwise sequence of functions on a measure space with finite total measure converges uniformly.

This means that the sequence converges uniformly except on a set that can have arbitrarily small

measure.

Theorem 3.1 (Egorov). Suppose f, is a sequence of measurable functions that converge
pointwise to f. Then, for every € > 0, there exists E € <7 such that u(E) < €. On Q\E, f, — f
uniformly (here, (1 (Q) < o).

I Remark 3.1. In Egorov’s theorem, E is compact.

Proof. For all k,n > 0, define
1
Eyx= xEQ:|fm—f|>% for some m > n.

We claim that (), E,, x = 0. To see why, we have f,, — f pointwise. So, if we fix x, then there exists
some n such that for all m > n, we have |f,, — f| < 1/k. Also, note that E,, 1,k C E,, . As u(Q) < oo
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we have

0=pu (ﬂEk> =infu (E,y) -

So, there exists ny such that

&€
Hu (Enk7k) < ?

Finally, set

E & €
§+ +<s+... <€

E=|JE, whichimplies p(E)< 113
k

Theorem 3.2 (Lusin). Suppose f is measurable on <[0, 1]{.21071][1,2,). Then, there exists

acompact set K C Q suchthat A(Q\K) < € and f is continuous on K w.r.t. subspace topology.

Axler mentions that Lusin’s theorem is surprising (p. 66). It also does not invoke the terminology
‘subspace topology’. It views Lusin’s theorem as follows: an arbitrary Borel measurable function is
almost continuous, in the sense that its restriction to a large closed set is continuous. Here, the phrase
large closed set means that we can take the complement of the closed set to have arbitrarily small

measure.

Proof. First, we consider the case where f is a characteristic function of a measurable set. Then,

f =14, where A is measurable. By inner regularity, we have

K; CAiscompact suchthat u(A\K;) <g/2 and
K, C Q\Ais compact suchthat p((Q\A)\K>) <€/2

Now, set K = K; UK,. We claim that f is continuous on K. Note that f is continuous on K; and f is
continuous on K3. Since K| and K, are disjoint, then d(K;,K>) > 0 and K and K, are disconnected

components of K.

For simple functions, we do something similar. We now consider the general case. By the earlier
result, we obtain a sequence of simple functions ¢, which converges pointwise to f. We get a compact
subset K C Q such that u(Q\K) < €/2 and ¢, — f uniformly.

For all ¢,, get K, such that u(Q\K,) < €&, such that ¢,|g, is continuous. Assume that K = K| =
K> = ..., then on K, we see that ¢, |k is a sequence of continuous functions converging uniformly to

flk- Since uniform convergence preserves continuity, then f| is continuous. [
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Theorem 3.3 (Tietze extension theorem). Suppose we have a compact subset K C [—m,m]?

and g is continuous on K, then g can be extended to g which is continuous on [—m7m]d.

Corollary 3.2. Suppose f is measurable on (RY,.#,A). Then, f is the pointwise limit of

continuous functions.
Proof. Note that

fn = fl[i y — f pointwise.

If we can construct a sequence (f;, ») of continuous functions such that f,, , — f pointwise, then

fan — f pointwise. Choose a sequence of subsets K, , C [—m,m]d such that

B(=mm\ ) <

and f is continuous on K,,, with respect to the subspace topology. Set f,,, to be a continuous

extension of f| Knn- Then, one checks that f, , — f almost everywhere. [

1. Definition of Integration

1,
denoted by / fdu, isdefinedtobe p(A).
Q

3.
Definition 3.7. Suppose f = 14, where A is measurable. Its integration on Q with respect to
We say that f is integrable if p (A) < eo.

Example 3.5. The characteristic function of Cantor’s middle third set is Riemann integrable.

i.e. there exist (E;);_; which are disjoint measurable subsets of Q such that f(E;) = ¢; and

E; = f~'(c;). Then, its integration,

/fdu, is defined to be /fdu:Zc,-u (E;).
i=1

Remark 3.2. Easier to partition the range, i.e. Lebesgue integral is better than Riemann

‘ Definition 3.8 (Lebesgue integral). Suppose f > 0 is a simple function in standard form,
‘ integral.

As quoted by Lebesgue, “I have to pay a certain sum, which I have collected in my pocket. I take
the bills and coins out of my pocket and give them to the creditor in the order I find them until I have
reached the total sum. This is the Riemann integral. But I can proceed differently. After I have taken

all the money out of my pocket I order the bills and coins according to identical values and then I pay
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the several heaps one after the other to the creditor. This is my integral.” So, Lebesgue’s theory can
be thought of as partitioning the range, whereas Riemann’s theory depends on partitioning the domain

of the function.

Example 3.6 (Axler p. 84 Question 2). Suppose X is a set, . is a 0-algebra on X and ¢ € X. Define
the Dirac measure 6. on (X,.¥) by

1 ifcekE;
6:(E) =
0 ifcgE.

Prove that if f: X — [0, 0] is .’-measurable, then
[ ras.= s
Solution. We use the definition of the Lebesgue integral to obtain

[ £d6.= ¥ 50)8.() = £0)8{e}) = Sc).

xeX

Definition 3.9 (integrability). Suppose f is measurable on (Q, .7, u) and f > 0. Its integral

/f du is defined to be sup{/(p du : ¢ simple function and 0 < ¢ < f}.

The function is integrable if the supremum is finite.

Definition 3.10. Suppose f is measurable on (Q,«7, 1) and f* = max{f,0} and f~ =

min{f,0}. Define
[rau=[rtau-[ 5 du.
If both
/ fJr du and / f~ du exist, then f isintegrable;

otherwise, f is not integrable.

Example 3.7. Prove or disprove: All nonnegative Lebesgue measurable functions from R — R are
Lebesgue integrable (i.e. [ fdA < +o0).

Solution. The statement is false. Consider f(x) =1 for all x € R, for which f : R — R is Lebesgue

measurable but it is not Lebesgue integrable since the integral is infinite. U
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3.2. Monotone Convergence Theorem

Theorem 3.4 (monotone convergence theorem). Suppose (Q, .47, L) is a measure space. Say

¢, is a sequence of measurable simple functions such that ¢, < ¢, (i.e. for all x, @,(x) <

¢n+1(x)) which converges pointwise to a measurable function f. Then,
lim [ gvdu= [ fap.

Example 3.8. Define M™ (®,.«7) to be the collection of non-negative measurable functions. Let (f,,)
be a sequence of in M*(Q, .7, 1). Prove that

/ (if) du — io ( / fndu) .

Solution. Note that each f; is a non-negative measurable function. To see why the equation is true, we

have
/(% 3y
n=0 N‘*”nzo
N
= lim / Z f» du by monotone convergence theorem
N—oc0 =0
= I\%im ( / fodu+...+ / N du) by linearity of integration
—yo0
N
= Jim X [ o
n=0
and the result follows. O

Example 3.9 (Axler p. 85 Question 10). Suppose (X,.7, 1) is a measure space and fi, f2,... is a

sequence of nonnegative .’-measurable functions. Define f : X — [0, 0] by
fx) =} filx).
k=1

Prove that

[rau=Y [ fan.
k=1
Solution. We have
[ X fedu=Y [ fian.
k=1 k=1
Define

n
8n = ka
k=1
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Since f1, f2, ... is a sequence of non-negative .’-measurable functions, then g, > g,. Also,

[}

gn — Z fr pointwise.
k=1

By the monotone convergence theorem,
Jim [ gndn = [ ¥ fean
n
,}grgol;/fdeZ/fdu
and the result follows. U

Lemma 3.8. The following hold:
(i) Sum of simple functions is simple;
(i) Product of simple functions is simple;
(iii) If f is simple, then for any ¢ € R, we have cf is simple
Proof. We only prove (i). Let f and g be simple functions. Then, there exist (E;)?_,, (E ;)?:1 such that
f 1s constant on each E; and g is constant on each E; On E; ﬂE}, f is a simple function; the same can

be said for g, and the result follows. O]

Example 3.10. Let L(R,.Z, 1) be the set of Lebesgue integrable functions over the measure space
(R,Z,A).If f e L(R,.Z,A), then

b b+t
/ f(x—i—t)dxz/ f(x)dx.
a a+tt
Hint: Consider first characteristic function, simple nonnegative function, nonnegative function, and

use monotone convergence theorem.

Corollary 3.3. The monotone convergence theorem also applies to decreasing sequences of

functions.

Proof. Let f, be a sequence of non-negative and increasing measurable functions that converge to f.
The trick is to define g, = f1 — f,, which is a sequence of non-negative and increasing measurable

functions. By the monotone convergence theorem, we have

tim [ g d = lim [ fi~fudu= [ fiau- [ fap.

n—oo

This implies g, — f1 — f pointwise. It follows that

lim [ fudu= [ fdu,

so indeed, the monotone convergence theorem applies to f; as well. [
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Corollary 3.4 (simple function). A function is simple if and only if it is of the form

n
Z Ciin'
i=1

Moreover, if each E; is measurable, then )\ | ¢; X, is measurable.

Lemma 3.9. Suppose
n
f= Z cix (E;) isasimple function with E; measurable.
i=1
Then,

/i:lciX(Ei) = i:lciﬂ(Ei)-

Example 3.11 (Axler p. 87 Question 19). Show that if (X,.”, i) is a measure space and f : X —

[0,00) is .-measurable, then
H(X)inff < /f du < p(X) sup f.
Solution. Again, we turn to the definition of the Lebesgue integral. First, it is clear that
igf f < f forall functions f: X — [0,0).
Integrating both sides with respect to the measure u, we have
/i)r}ffdug/fdu.

Since infy f is constant, then the LHS of the inequality is merely infx f - 1 (X). The upper bound of

the integral of f with respect to ¢ can be deduced in a similar manner. U

Example 3.12. If a function ¢ : Q — R is given by

0() = ¥ b, (0.
k=1

where b are nonnegative real numbers, and E; € <7, a o-algebra.

(a) Show that ¢ is a simple function.

(b) Suppose (Q2,.e7, 1) is a measure space. Show that

/(l’dli = i bt (Ex)
k=1

Solution.
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(a) Recall that a function f : Q — R is simple if there exist disjoint sets E1, . .., E, such that Q = | J E;
and on each E;, f is a constant. Hence, in this context, it suffices to prove that the range of ¢ is
finite. Since ¢ depends on which sets Ej contain x, then the aforementioned linear combination
takes on combinations of the b;’s depending on which sets Ej overlap. Since there are finitely
many E}’s, the possible values that ¢ (x) can take form a finite set of R>.

(b) We have

and the result follows by the definition of the characteristic function yg since yg(x) = 1 for all

x € E and 0 elsewhere. [

Example 3.13. Let M (Q,.o/) denote the collection of measurable functions. Show that if ¢,y €
M(Q, o) are simple functions and ¢ € R, then c@, |¢|,¢ + v, @y and max{¢, y} are all simple

functions.

Solution. Since ¢ and y are simple, then there exist ay,...,a;,b;,...,b, € R and disjoint sets
Ey,...,Enand Fy,...,F, (where Q = | |E; = | |F}) such that

= Zai%Ei(x) and V/ Z b]%F
i=1
We first prove that c@ is simple. To see why,
m
x) =Y caixg,(x)
i=1
Also, |@| is measurable as
m
x)| =Y aixe(x), whered;=|a.
i=1

Also, ¢ + y is measurable as

III\HﬂE

n
Z l]%G,]

O+ v =0 Z%m X)+ Y bjxr; (%)
j=1

Here, d;j = a; + bj and G;; = E; N Fj. One checks that

m n n
G;j are pairwise disjoint  since |_| |_| Gij=| |Ei= |_| Fi=Q.
i=1 j=1

J=1

s

We then prove that @y is simple. To see why, we have

w=<gmmi><2%ﬁ )

Zn: aibjxG;j(x).

J=1

iMs
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Also,

max {p(x), w(x)} = Y. ¥ max {ar,b;} 16, ().

i=1j=1

which establishes max { @, v} is measurable. O

Example 3.14. Let Q = N, let &/ be all subsets of N, and let y be the counting measure on <7
(i.e. u(«7) denotes the cardinality of .'). Show that if f is a non-negative function on N, then f is a

non-negative measurable function and

[ fan- ¥ /)

Solution. For the first part, we need to prove for every Borel set B C [0,00), we have f~!(B) € «/.
This is clear because f~1(B) CN € .

As for the second part, let

flk) if0<k<m
fn:N—R suchthat f,(k)=
0 if k> n.

Then, f, — f pointwise as n tends to infinity. Also, since f is an increasing sequence of non-negative

functions, by the monotone convergence theorem, we have

lim/fndu:/fdu.
n—e JN N
Note that

N= <|i| {k}) U{n+1,n+2,...}

k=0

and all these sets are measurable. Hence,

fdu= Sodl+ fodu

n
{n+1,n+2,...}

(o)

= (fO)+f(D)+...+f(n)+0=Y f(n)
and the result follows. ]

Lemma 3.10. Suppose A, is a non-decreasing sequence of measurable sets and

A=A,
n

Suppose ¢ is a measurable simple function. Then,

/(P'XAd,u:/q)du:lim/ ¢ du
Q A n— JA,
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Lemma 3.11. Suppose 0 < f < g are measurable functions. Then,

0< [rau< [gan

Then, the following hold:
(@)
0< [fau< [gdu

(ii) If E C F are measurable, then
[ran< [ rau
E F

Proposition 3.2. Suppose f, g are integrable functions and a, 8 € R. Then,

of + Bg is measurable and /(ch+l3g) d,u:(x/fd,u—i—ﬁ/gd,u.

Example 3.15. Suppose f and g are integrable functions on a measure space (Q, .7, 11). Show that
f+ g is also integrable.

Solution. We have

/|f+g| d,uﬁ/ If] d/.H—/ lg| du by triangle inequality
Q Q Q

=M+ N since f and g are integrable.
Since the integral of | f + g| is finite, then f + g is integrable. O

We have been using the following notation a few times but we will now formally define it.

I Definition 3.11. Let M (Q, /) denote the collection of non-negative measurable functions.

Lemma 3.12. Suppose f € M (Q, .o/, ). Then,

/ fdu=0 ifandonlyif f =0 almosteverywhere.

Proof. For the forward direction, it suffices to show thatif E = {x € R : f(x) > 0} is such that u(E) >
0, then

/fdu>0.

Our goal is to find ¢y such that

cxpr < f and /ch/ du > c.
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Let
E:UEn where E, = )cER:f(x)>l .
n
By countable additivity, u(E,) > 0 for some E,. Thus,

1 1
[ranz [ o, du—-u(E) >0

As for the reverse direction, it suffices to prove that for any simple function ¢ such that ¢ < f, we

/q)du‘

Since ¢ < f,then {x e R: ¢(x) >0} C {x: f(x) > 0}. Hence, the result follows. O

have

I Lemma 3.13. A measurable function f is integrable if and only if |f| is measurable.

Proof. We first prove the reverse direction. Say |f| is integrable. Then,

fF<Ifl and  f<|f].

Recall that

/ﬁ:sup{/cbduwgﬁ}
Ssup{/wdu:WS|f|}=/fdu

Hence, the reverse direction follows.

As for the reverse direction, recall that |f| = f* + f~. When

/f+du and /f_du are finite,

we have

/]f| du:/f+ du+/f du  which is finite.

Corollary 3.5 (triangle inequality for integrals). We have

‘/fdu‘S/!f\ du
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Proof. We have
f du] = ‘/f+ au- [ f du‘

s’/ﬁduM/f‘du‘
— [ rtau+ [ d
— [ () du= [ 11 du

Corollary 3.6. Suppose f and g are measurable, |f| < |g|, and g is integrable. Then, f is

measurable.

Proposition 3.3. Suppose f and g are integrable and o, B € R. Then, o f + g is integrable.
Thus, the collection of integrable functions forms a vector subspace of the collection of

measurable functions.

Example 3.16 (MA4262 AY24/25 Tutorial 6). Let L(,.7, 1) be the set of Lebesgue integrable
functions on the measure space (Q, .o/, ). If f € L(Q, 27, 1) and a > 0, show that the set {x € Q :

| f(x)| > a} has finite measure.
Solution. Let he mentioned set be E,. Then, we have
1
[irtau= [ iptan= [ adu=a-p(E) whichimplies u(Es) < [ |f]du
Q E, E, alo
Since |f| is Lebesgue integrable, then it follows that i (E,) is finite. O

Theorem 3.5 (Fatou's lemma). Suppose f, is a sequence of non-negative measurable

functions. Then,

/ liminf f, du < liminf / jm

Example 3.17. Let h be in M (Q,.«/), and suppose that [hdu < . If (f,) is a sequence of in
M(Q, o) and if —h < f,, then

/(liminffn)du gliminf/fnd,u.
Hint: Use Fatou’s lemma.

Solution. Applying Fatou’s lemma to f, + &, we have

/liminfh d/.t—l—/liminffn du < /liminf(h+fn) du < liminf/h—l—fn du.
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Hence,
/liminfh du +/liminffn du < liminf/h du —Hirninf/fn du.
The result follows. O

Example 3.18 (Axler p. 99 Question 1). Give an example of a sequence f1, f,. .. of functions from
Z™* 10 [0,00) such that

lim fi(m) =0 foreveryme€ Z"
k—yo0
but
klim / fedu =1, where u is the counting measure on Z ™.
—>00

Solution. Consider

I/m ifm<k;
Ji(m) =

0 otherwise.
Then, the first limit is clearly O since fi(m) = 0 if m > k. Also,
1

ko
lim [ iy = ka )= Y =gk

As such, our suggested sequence of functions satisfies the claim. U

3.3. Dominated Convergence Theorem

Theorem 3.6 (dominated convergence theorem). Suppose f, is a sequence of integrable
functions, f,, — f almost everywhere, and f is measurable. Suppose there exists an integrable

g such that
|fu] <|g| foralln.

Then, f is integrable and
[ fau=jtim [ du.

Example 3.19. We consider an example where the dominated convergence theorem is not

applicable.
n/2 for —1/n<x</ln;
Ja(x) =
0 otherwise.
Then, f,, — 0 pointwise but
/limfn du # lim /fn du
n—yoo

since the LHS is O but the RHS is 1.
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We now prove the dominated convergence theorem.

Proof. Suppose f,+|g| — f+ |g| pointwise, where f, +|g|, f + |g| > 0. By Fatou’s lemma, we have

[ £+ lgl du < timint [ fu-+1g] du
< [21¢l au
which implies
[rau+ [lel au< [ el au-+timint [ 7, dp
/fdugliminf/fn du
On the other hand, we have |g| — f,, — |g| — f, where |g| — f,,|g| — f > 0. By Fatou’s lemma,
[ lel =1 du < timin [ |g] ~ 7, du
[ =18l du = timsup [ 7, |gl du
/fdu—/lgl duzlimsup/fndu—/lgl du
[ £ = timsup [ 1, du
Since we showed that
limsup/f,, du < /f du < liminf/f,, du
Thus,
/fd/.t :liminf/fn du zlimsup/fn d,u:lim/fn du
and the result follows. 0

Example 3.20 (MA4262 AY14/15 Sem 1 Tutorial 7). If f is an integrable function on a measurable
set £ and

E = U E; such that E; is measurable and E;NE; = 0 for distinct i, j,
i=1

prove that

WRSSE

Solution. The fact that E; N E; = @ for distinct i, j means that E is a disjoint union of the E;’s. Hence,

/Efz/Eler E2f+...:nli_r>13°i:i/Eif

and the result follows. Note that we used the countable additivity of the Lebesgue integral. U
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Example 3.21 (MA4262 AY24/25 Sem 1 Tutorial 6). Suppose (f,) is a sequence in L(Q,.o7, 1)
which converges uniformly on Q to a real-valued function f.
(a) If u(Q) < +oo, then
/fdu :lim/fndu.
Hint: Use the Lebesgue dominated convergence theorem, choosing g appropriately.

(b) Show by example that if 11(€) = +oo, the convergence may fail.

Solution.

(a) Since f,, — f uniformly on €, then for any € > 0, there exists N € N such that for alln > N, we
have |f, — f] < &/u(Q), so

)

Here, we did not use the Lebesgue dominated convergence theorem but the proof still works

out.
(b) Suppose Q = [0,0) and

I/n if0<x<n;

Ja(x) =
0 if x > n.
Note that f, — f uniformly because
sup|| fn — £l — 0.
However,
/fdu /Odu 0 but llm/fndu—’}ggo la’uzl
which shows that convergence fails. [

Example 3.22 (MA4262 AY24/25 Sem 1 Tutorial 6). Let L(Q, 47, 1) be the set of Lebesgue
measurable functions on the measure space (Q,.o/,u). Let f, € L(Q, <7, 1), and suppose that (f;,)

converges to a function f. Show that if

hm/|fn Fldu=0 then hm/\fn|du /|f|du

Solution. This is a simple proof using the formal definition of limits. 0

Theorem 3.7. A function f : [a,b] — R is Riemann integrable if and only if f is Lebesgue

integrable and the set {x € R : f not continuous at x} has measure 0.

Recall that if P = {x1,...,x,} is a partition of an interval [a,b], where a = x| and b = x,,, then we can
define

U(f,P) = iMl’Axl’ and L f, i

i=1
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Here, M; and m; denote the supremum and infimum of the partition respectively. We define

[ @ =u() = igu (R and [ 5 dv=10) = supLif.P)

We say that f is Riemann integrable if and only if

/URf(x) dx = /LRf(x) dx.

Example 3.23 (MA4262 AY24/25 Sem 1 Tutorial 5). Prove or disprove: If f € MT(R,.Z, 1) is
integrable and so is [ 292 dA. (Here, £29%% is given by £2924(x) = (f(x))?'*).

Solution. The statement is false. Consider f(x) = 1/4/x on [0, 1], which is integrable. However, f> =

f2024

1 /x is not integrable on [0, 1]. Consequently, is not integrable on [0, 1]. O

Lemma 3.14. Let f : [a,b] — R be a bounded function. Then,

/ ™ ) dx— / ) di = / o (x) dp.

Here, w is the oscillation function defined earlier.

Remark 3.3. Actually, the monotone convergence theorem, dominated convergence theorem,

and Fatou’s lemma appear to be equivalent.

Example 3.24 (MA4262 AY24/25 Sem 1 Tutorial 5). If (Q, <7, 1) is a finite measure space, (that
is, (Q) < +o0,) and if (f,) is a real-valued sequence in M (Q,.<7) which converges uniformly to a
function f € M (Q, o). Show that

[ an=jim [ fuan.

Hint: Consider two cases [ fdu < oo and [ fdu = . In the first case, use dominated convergence

theorem.

Solution. Suppose f,, — f pointwise and say f, is dominated by some function g, i.e. for every n € N,

there exists g such that |f,,| < |g|. We consider the first case, i.e. f, — f uniformly such that

/fdu<m.

Then, because for every € > 0, we have |f, — f| < €, then we can set g = f + €, so by the dominated

convergence theorem,
/f-l—ed,u> lim/fnd/.t
n—oo

Since € can be made arbitrarily small, then the result follows. On the other hand, for the case when

/fdu=w,

we have | f, — f| < 1, so the result follows trivially. U
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3.4. Fubini-Tonelli Theorem

We begin with some recap from MA2104.

Use the above picture to think of the following concept:

/sz(x,y) dxdy:/(/f(x,y) dy) dx:/(/f(x,y) dx) dy

Recall that if
(Qy,9, 1) and (Qy, 9%, lp) are measure spaces,

on Q; x Qy, we can introduce the product c-algebra @] ® <%, which is the smallest o-algebra
generated by A| x A, with A| € &) and A; € @%. The product measure = U; ® Uy is a measure
such that i(Ay X Az) = i (A1) 2 (A2).

Also, Q is o-finite if
Q=|]Q and p(Q,) <ee.

If Q| and Q, are o-finite, then the product measure of ; and p, exists uniquely by Carathéodory’s
extension theorem. When &7 is the product o] ® .@% and u is the product measure (| ® U, we say
that (Q, <7, 1) is the product measure space of (Q,.o7], 11) and (Qp, %%, 1).

Theorem 3.8 (Fubini's theorem). Suppose (1,9, U;) and (Q,,.9%, Uy ) are o-finite measure
spaces and (Q, <7, 1) is their product. Let f be integrable on (Q, <7, it). Then, fora € Q,b € Q,

almost everywhere, the functions
fa: Q0 =Ry~ f(a,y) and fp:Q) — R x> f(x,b) are integrable.

Moreover,

/QfdMZ/QI (/szaduz) dulz/gz (/Qlfbdul) dis.
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Theorem 3.9 (Tonelli's theorem). Let f > 0 be a measurable function on (Q, .27, 1), where
(Q1,9, 1) and (Q,, 9%, Iy ) are o-finite measure spaces and (Q,.o7, i) is their product. Then,

/Qfd.u:/Ql (fa dia) diy Z/Q2 (fp duy) dus.

Remark 3.4. We were a bit not rigorous when talking about

/ ( / fad u2> duy as f, 1s only integrable almost everywhere.
o \Jo,

However, this can be easily remedied by defining
/ ( / Jfa duz> du; as / ( Ja duz) duy.
Q Q Q1\]\]1 Q
Here, N is the set of all @ where f is not intergable.

Example 3.25 (Axler p. 135 Question 1).

(a) Let A denote Lebesgue measure on [0, 1]. Show that

/01 /01 g _y dl( )d/l(x)zg

x> —y? /4
dA(x)dA(y) = ——.
AmAg]ﬂ+y (v)dr () =7

(b) Explain why (a) violates neither Tonelli’s Theorem nor Fubini’s Theorem.

and

Solution.

(a) We will only prove that the first integral indeed evaluates to /4. Note that

2 yz B 2 +yz 2y2
(2 4+y2)2 (42?2 (22 +y?)?
1 2x% 4 2y* N 2x*
X24y2 (x24y2)2 T (x2+42)2
1 2x2

X242 T (x2+2)2
The remaining calculations are trivial so we will not go through them.
(b) Tonelli’s theorem is not violated because it is possible for the integrand f(x,y) to be negative,

i.e.
2_\2
AT Y . . 2 2
——5— <0 ifandonlyif x~<y~".
(222 = s
Recall that Tonelli’s theorem requires the integrand to be non-negative. As for Fubini’s theorem,

the integral is not absolutely convergent. Observe that

dyd dyd dyd
// yar= //x2+y yx+//x2+y yax

for which one can Verlfy that it is the sum of two divergent integrals. 0

xZ
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Example 3.26 (Axler p. 100 Question 14). Let A denote Lebesgue measure on R.
(a) Let f(x) = 1/4/x. Prove that

fdA =2.
[0,1]

(b) Let f(x) = 1/(1+4x?). Prove that
/ fdi =r.
R
(c¢) Let f(x) = sinx/x. Show that

/( Jdhisnotdefined bt Jim | f di existsin .
0700

t—roo (OJ)

Solution. (a) and (b) are trivial as it is easy to see that

|
—dx=2 d dx=m tively.
/0 r: X an / _ 1+x x respectively

The aforementioned integrals are absolutely convergent so their Lebesgue integrals exists. As for
(c), we first need to show that sinx/x is not Lebesgue integrable on (0,), i.e. the function is not

absolutely convergent. We shall consider

%) ) s e (I’l+1)ﬂ: 1
/ p Z/ |sin x| dx — Z/ |SmX| / ]sinx\ dr— 2 Z I
0 1 X n=17/n% X n= 1 nw T,on

which diverges as this is simply the harmonic series!

sinx

X

On the other hand,
b4 oo (n+1)m
/ sinx dx — s1nx Z . / sinx dx
0o X 0 = (n
b o (n+1)m
smx Z n 1 / sinx dx
0 = (n
2 (oo}
< —dx+—
< /0 P X+ p ;
=n+—(In2-1)
which is finite. 0

Remark 3.5. The Lebesgue measure on R x R is not the product measure of Lebesgue

measures on R.
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4. Convergence

4.1. LP Spaces

Definition 4.1 (L? space). Let (Q,.o7, 1) be a measure space.
(i) If 1 < p < oo, the L? space LP(Q, o7, 1t) on (.7, 1) consists of all measurable functions
f on Q such that

1/p
< oo,

J 17 dye <o orcquivatenty 1, = [ 177 d

(ii) If p = oo, then L”(Q, o7, ) on (Q, 7, 1) consists of measurable functions f such that
there exists M > 0 with f(x) < M almost everywhere for x € Q. Equivalently,

| fllc =inf{M:3N € o/ ,u(N) =0and forall x € N, |f(x)| < M}.

In the above definition on the L” space, || f]|.. is also often called the essential supremum of f.

11|, is often called the p-norm of f.
Example 4.1 (L' space). L'(Q,.o7, f) is the space of intgerable functions.

Example 4.2 (L? space). L?>(Q, .o/, f) is the space of square-integrable functions, i.e.

1/2
( 1P du) <

Recall the following (not sure if it was mentioned earlier):
Proposition 4.1. The following are equivalent:

/ |f| du < e ifand only if |f| integrable if and only if f integrable.

Proposition 4.2 (L” space is a vector space). For all 1 < p < oo, LP(Q, 47, 1) is a vector

space over R with the obvious addition and scalar multiplication.

We will not state the axioms for a set V' to be considered a vector space as they should be pretty

obvious. Note that the set V should be an Abelian group satisfying scalar multiplication properties.

We now prove that Proposition 4.2 holds.

Proof. Note that the space of real-valued functions forms a vector space over R. Hence, it suffices to
check that LP(Q, o7, 1) is a vector subspace of this space, i.e. we need to check that LP(Q, .o/, 1) is

closed under addition and scalar multiplication.

For 1 < p < oo, given that

[£1l, <oo,llgll, < oo, we need to check that || f+gl|, < .
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We have
[1r+el” au< [f1+1gl” du< [ @max{Ifl.[gl})” du< [27(fP +gl") du <o
For any a € R, it is easy to show that [|af||, < e since
[l du=o [ 1517 ap <.
For p = oo, given that
| fllees €]l < oo, we need to check that || f + g||.. < .

For any x & Nj,x € N, f+gl <M+ M.

In fact, the case when p = oo also appears in Axler p. 199 Question 1. U

f| < My and |g| < M, respectively. So, for x & Ny UN,,

Example 4.3 (MA4262 AY24/25 Sem 1 Tutorial 7). True or false?
(@ If 1 <p<g<oothenLP(Q, o/ ,u) CLI(Q, o/, ).
(b) Ifl<p<oand f,g € LP(Q, o7/, u) then f-g € LP(Q, o, ).
(c) If f,ge L~(Q, o/, u) then f-g € L=(Q, o/, ).
d) If feLP(Q,o/,u),1 <p<ecoand geL*(Q,o,u), then fg € LP(Q, o7, n) and || fg|, <
£ 11yl
(e) There is a function f € L?(]0,x]) satisfying both
/ [f(x) — sinx]?dx < 4 and / [f(x) — cosx]?dx < l
[0,7] 9 [0,7] 9

Solution.

(a) False but the reverse inclusion holds.

(b) False. We have
1/p 1/p
(/’f\p du) and </\g|p du) being finite.

(f1rsl au) " (firrier an) "

However, we cannot create a nice inequality. A counterexample to the statement would be to
consider f(x) = g(x) = 1/4/x, where Q = [0,1]. f and g are integrable but fg is not.

(c) True because the product of bounded functions is also bounded. To see why, note that || f||.. and

Then,

||lg||.. are bounded, and subsequently, we use the fact that || fg|.. < [|f]e[1€]le-

(d) True. We are given

1/p
(/|f|p du) being finite and ||g|| <M for some M > 0.

So,

(o) = (forr ) s )

and the assertion follows.
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(e) Suppose such a function exists. By the triangle inequality, we have
|sinx — cosx| < |f(x) —sinx| + |f(x) — cosx].
Squaring both sides and integrating from O to 7, we obtain

9+9+2/ | f(x) —sinx| | f(x) — cosx| dx.

We can further bound this using the Cauchy-Schwarz inequality. Note that

/|f ) —sinx| | f(x) — cosx| dx<<;1 ;)

so T <4/9+1/9+2(4/81)* < 1, which is a contradiction. Hence, no such function f can

exist. L]

Definition 4.2 (norm and seminorm). Let V be vector space. A norm ||-|| on V is a map
||I|| : V. — R such that the following are satisfied:

(1) Non-negativity: ||v|| > 0forallv eV

(2) Positive-definiteness: ||v|| = 0 if and only if v =0

(3) Triangle inequality: ||u+ v|| < |ju|| + ||v| for any u,v € V

@ [lav] = oallv]]
If we relax (2), then ||| is called a seminorm on V. Also, each norm induces a metric d(u,v) =

e = I].

Definition 4.3 (inner product). A real-valued inner product (-,-) on Visamap V xV — R
satisfying the following properties:
@) {v,v) =0
(2)
3)

Note that each inner product gives us a seminorm || f|| = (f, f) 1/2 Also, not all norms can be obtained

by an inner product. Need to use the parallelogram law

1f +8l7 + 1 —gl* = 211f11* +2lgll*-

We will later see that [|-|| , is a seminorm for 1 < p <o and ||-||, is a seminorm given by a semi inner

product.
Example 4.4. |-|is anorm on R.

Example 4.5. On R",

|(ai,...,an)|., = suplail .
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Example 4.6. On R",

(ar,...,an)l, = /a3 + ...+ d2.

Example 4.7. Take the space of functions with [a,b] — R. Then,
I£1l = sup {f'(x) : x € (a,b) }

Theorem 4.1 (Young's inequality). Let p,g € Rwith 1 < p,g<eand 1/p+1/q=1. Then,

for all a,b € R, we have
al bl

ab < — 4+ —.
p q

Proof. Use the idea of convex functions. [

Corollary 4.1 (AM-GM inequality). For any a,b € R, we have

2, 72

a-+b
b< )
4= 2

Proof. Set p =g =2 in Young’s inequality. 0

Theorem 4.2 (Holder's inequality). Suppose p,g € Ryowith1 <p,g<eand1/p+1/g=1.
Say f € LP(Q,o/,u) and g € L9(Q, o7, ). Then,

17 - glly < 1171, - lelly

In particular, f - g is integrable.

Equality holds if and only if

a|f]P =B |g|? for x € Q almost everywhere for some @, f € R.
Proof. When p=1,q = or g=1,p = oo, we leave the proofs as exercises. As such, we shall focus
onl<p<g<o.lIf[|f|,=0o0r]g|,=0,then
/ |f]? du = 0 and the result follows.

We shall assume that || f],,, [|g[|, > 0. Set

7]
A= d
.

el

B= 1.
181l

By Young’s inequality, we have
p q
||f|||fT)|| - ] - 8 .
plele = p(ir1,)"  a(lr,)
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Integrating both sides yields
1 1 ) 1 .
m/vg\d.uﬁ—p/\f! du+—q/|g| du
pllgll p(I71,) a(lell, )
The result follows from here. O
Corollary 4.2 (Cauchy-Schwarz inequality). Suppose f,g € L?>(Q,27, 1), we have
1£1l21lgll2 = [l.fglly -

Example 4.8. Suppose Q ={1,2,3}, f = (a1,a2,a3),g = (by,b2,b3). Then,

a%+a§+a§\/b%+b%+b§ > |a1by + axbsy + asbs| .

Theorem 4.3 (Minkowski's inequality). Suppose f,g € L? = LP(Q, o/, ) with 1 < p < o,
Then,

1f +ell, < A1, + gl -

In other words, the p-norm is indeed a norm.

Proof. We leave the proofs of p = o and p = 1 as simple exercises. In fact, the case when p =1

follows from the triangle inequality (Corollary 3.5), i.e.

/!f+g! du s/m d,u—l—/]g\ du.

So, we assume that 1 < p < . Then,

i+’ =|f+gllf+g!
<(If1+1ghIf +glP~"
=fIlf+gl” " +lgllf+gl”

By applying Holder’s inequality to the integral of each term, we have something like

J19Ur el du <, L+, where 1/p+1/q=1.

We will not fill in the remaining details. O

Corollary 4.3. For 1 < p <o, |||, is a seminorm. Moreover, with

2 2 2
_ If el =Nl —llellz

<f,g>_ 2 ’

(-,-) is a semi inner product. Furthermore,

|fll,=0 ifandonlyif f=0almosteverywhere.
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Proof. Verifying that [|-[| , is a seminorm is quite simple. Note that [|af||, = |a| || f||, holds because

(et aw) " = et ([ an) "

Also, [|0]| , = 0. By Minkowski’s inequality, it follows that || f +gl|, < [lf]| + |l ,-

We will not prove that (-,-) is a semi inner product. Just recall the properties and manually verify
that they are satisfied, namely non-negativity, linearity in the first argument, conjugate homogeneity,

and the Cauchy-Schwarz inequality.

As for the last statement, we see that f = 0 almost everywhere if and only if |f| = 0 a.e. if and

only if | f|” = 0 a.e. if and only if

1717 du=o
a.e. so by this chain of implications, the result follows. 0

Example 4.9. Let Q ={1,2}, f = (ay,a2),8 = (b1,b2). Then, f+ g = (a1 + by,a2+ b3). So,

Ifll, =1/ai+a3 and |g|l, = +/b}+b3

Then,

If+gll = \/(cn +b1)2+ (ar+b2)? = \/a? + b} + a3 + b3 +2a1by +2axbs.

Hence,

2 2 2
1S +gll2 = 1112 llglla

7 =a1b;+axbs.

Example 4.10 (MA4262 AY24/25 Sem 1 Tutorial 7). Let 1 < p < co. Show thatif f € L (Q, .o/, 1)
and € > 0, then there exists a simple function ¢ € M(L,.o7) such that || f — @], < €.

Solution. Since f € LP(Q, ./, 1), then

1/p
</\f!” d,u> is finite  so /|f|p du is finite.

We first wish to bound f, by a measurable function fj;, where M > 0. Define

flx) if [f] < M;
Ju(x) =
0 otherwise.
Then,
7= fully = [\ = fnl” s = P du.
Q {xeQ:|f|>M}
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We can choose M > 0 sufficiently large such that || f — fu||, < &/2 so
£\P
Pdu < (—) .

/{xGQ:|f|>M} |f‘ H 2

For the simple function ¢, we can define it to be M, where fj; = M. Hence,
M p
I —o|f < (N) where N is the number of partitions.

The subsequent argument becomes straightforward. Just choose N sufficiently large subjected to a

certain condition and apply the triangle inequality to ||/ — ¢/ ,. O

Definition 4.4 (Lebesgue space). If 1 < p < oo, define the Lebesgue space LP (€, o7, it) to be
the quotient space of LP(Q, <7, i) with respect to the almost everywhere equivalence relation,

1.e.
f~g if f=galmosteverywhere.

On L”, we define addition, scalar multiplication and p-norm via the following:

[f1+[e]=1f+g] and oa[f]=[af] and [|[f]ll, =],

Theorem 4.4. For 1 < p < oo, the Lebesgue space LP with the defined addition, scalar

multiplication, and p-norm forms a normed vector space.

We see that when p = 2, there is an obvious way to define an inner product.

Example 4.11 (MA4262 AY24/25 Sem 1 Tutorial 7).
(a) For o € (0,1) and ¢ € (0,00), by taking derivative, show that

t*<ot+(1—a)

with equality happens if and only if r = 1.
(b) For A,B >0 and p,q € (1,) with 1/p+1/g =1 sett =AP/B? and oo = 1/p to deduce the
weighted AM-GM inequality
AP BY
AB< —+—
p q
with equality happens if and only if A = BY.
(¢) For ay,az,by,bp >0 and p,q € (1,) with 1/p+1/q = 1, use (b) and following the proof of

Holder’s inequality to show that
(arby +azby) < (af +a5) /P (b +b3)'/

with equality holds when (af,ab) is a constant multiple of (b{,53)
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For c¢1,¢3,d1,dy > 0 and p € (1,00), use (c) and following the proof of Minkowski’s inequality
to show that

(e )+ (ca+ )7 < (& + D)7+ (] + )17

with equality holds when (cy,c;) is a constant multiple of (d,d>).

Solution.

(a)

(b)

(c)

(d)

Let f(t) = at+1—a—1* Then, f'(t) = o (1 —t*""). So, when ¢ = 1, we have f/(t) = 0. In
fact, (1,0) is a minimum point (and the only turning point) of f(¢). Also, we see that forz > 1,
f is increasing. As

lim f(t)=1—a >0,

t—0t

it follows that f > 0 for all o € (0,1) and 7 > 0. As mentioned, equality holds if and only if
t=1.
We have

(AP)I/P<I+1 L_aAr 1
B1) T p p pBT q

Multiplying both sides by B yields

A-BI9/P < A7 _|_B_q_
p q
Since 1/p+1/g =1, then p+¢q = pq so 1+ q/p = q. The result follows. Equality holds if and
only ifr =1, i.e. AP = B4.
From (b), set

a’+ab b1+ bl
1 2+ 1 2

A= (af +ab) P and B= (b +5)' s (af +ab) (b 49 < T g

Let
=% andy; = Piub =1and vl 4v]=1
ul—zan v,—E SO u;+u,=1landv,+v, =1
By Holder’s inequality, we have
p . .\Vpa a\l/a__
uvy +upvy < (”1 +u2) (v1 ~|—v2) =1
Hence,
ayby +axby <AB = (a’f+a127)1/p(b‘11+b‘21)1/q.

The equality case is obvious.

Let s; = ¢1 +d; and sp = 2 +d;. Then, apply Minkowski’s inequality and we are done. OJ
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Example 4.12 (MA4262 AY24/25 Sem 1 Tutorial 7). Let (Q, ., 1) be a finite measure space. If f
is (Q, o) measurable, let E, = {x € Q:n—1 < |f(x)| < n}. Show that f € L'(Q, <, ) if and only
if
Z ) < oo
In general, we have the following result: f € LP(Q, .o/, 1) for 1 < p < oo, if and only if
Z nPu(E,) < +oo.
Solution. We first prove the forward direction. Suppose f € L'(Q, .27, ). Then,
/ |f| du is finite  so Z/ |f] du is finite.
Q n—=17En

Since |f| > n— 1, then we can construct the following lower bound for the above sum:

Z |f] du Z (n—1)u(E,) which is finite.
n—=1"En n=1

Note that
Z nu(E Z n—1)u(E,)+ Z u(E,) where we used p(Q Z
n=1 n=1 n=1 n=1
Hence,
Z nu(E,) is also a finite sum.
The proof of the reverse direction is easier. U

4.2. The Riez-Fischer Theorem

Definition 4.5 (convergent and Cauchy sequences). A sequence f, of a measurable function

converges to a measurable function f € L? if

lf = fall, = 0.

A sequence f, is Cauchy in L? if for every € > 0, there exists N € N such that

| fn—fall, <€ forall m,n>N.

Definition 4.6 (complete space). A vector subspace V of i (Q, <7, ) is complete with respect

to |-, if every f, in V that is Cauchy in L” converges to some element in V..
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Theorem 4.5 (Riez-Fischer theorem). The space LP (Q, .7, 1) is complete with respect to the

p-norm |[|-[| ,. Consequently, L’ (Q, .97, 1) is a complete metirc space with respect to the induced

p-norm.

For Cauchy sequences f,;, we wish to find its limit. Wishful thinking:
fa — f pointwise in a dominated fashion.

Example 4.13. Set

I=0,1] 12:[0,%] IFB,I] 14={0,ﬂ Isz{g,ﬂ zézﬁ,q 17:[

and so on. In general, we can enumerate the intervals as follows:

ol o) [L] e o 2 1.2 ).

Set f, = x1,- Then f;, converges in L? to f, because

1
m

o= £ = [V s ar = [ 157 an <

when n > 142+ --- 4+ m. However, f,, does not converge at any point in [0, 1].

Definition 4.7 (convergence and Cauchy in measure). A sequence f,, of measurable functions

converges in measure to a measurable function f if for all € > 0, we have

lim p ({x € Q: |y — | > €}) =0.

We say f,, is Cauchy in measure if for all € > 0, there exists N € N such that for all m,n > N,

we have

lim limu({x€Q:|fn—fu| >€})=0.

M—$00 I—y00

I Remark 4.1. In Probability theory, Definition 4.7 is known as convergence in probability.

Example 4.14 (MA4262 AY24/25 Sem 1 Tutorial 8). True or False? You may assume that all

functions are integrable.
(a) If a sequence (f,;) converges to f in L”, then it converges to f almost everywhere.
(b) If a sequence (f;;) converges to f uniformly, then it converges to f in L”.

(c) If a sequence (f,) converges to f in measure, then it converges to f in L”.

(d) Let (f,) be a Cauchy sequence in measure with a subsequence (f,, ) converges to a function f

in measure. Then (f,,) converges to f in measure.

Solution.
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(a) False. Consider the typewriter sequence

n—2k n—2k41

fa(x)=1; where [I= T o

(b) True. Given that sup || f, — f|| = 0, it follows that f,, converges to f in L? (further justification
required).

(c) False. Consider the sequence of functions f, : [0,1] — R defined by

£ = 1, ifxel0,1/n];

0, otherwise.
Here, f, — 0 in measure because
n—oo n

1/n 1/p 1\ /P 1
— p — | = -
o= ([ ra) = (5) " =

which does not converge to zero if we choose a sequence where this doesn’t decay fast enough,

Jim (517,001 = ey = im e Jo.2] ) =0

However,

such as for p = 1. Hence, f,, does not converge to zero in L”([0,1]) for p = 1.
(d) True. This follows from the fact that a Cauchy sequence in measure that has a convergent

subsequence must converge to the same limit in measure. [

Example 4.15 (MA4262 AY24/25 Sem 1 Tutorial 8). Suppose the sequence (f,) of measurable
functions converges almost everywhere to a real-valued measurable function f and ¢ is continuous

on R to R. Show that the sequence (¢ o f,) converges almost everywhere to ¢ o f.
Solution. We wish to show that for all € > 0,
lim pu(fxeQ:|pofy—pof|>e})=0.

Since f, is a sequence of measurable functions that converges almost everywhere to f, then there
exists E C Q, where u(E) = 0, such that f,(x) — f(x) for all x € Q\E. The continuity of ¢ : R — R

implies
Qofy—@of asn— oo

Hence, ¢ o f,, — @ o f pointwise for x € Q\E. This means that for every € > 0, there exists N € N

such that for every n > N, we have

lo(fu(x)) —o(f(x))| <€ forallx € Q\E.

So,

i (e Q: [o(fx) — 9(f(x)] = £}) < u(E) =0

and the result follows. O
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Example 4.16 (MA4262 AY24/25 Sem 1 Tutorial 8). Let (Q,%7, 1) be a finite measure space. If

fEM(Q,4), we define
/]
I+171

Show that a sequence (f,) of measurable functions converges in measure to f if and only if

r(fa—f)—0

r(f) = dp.

Solution. We first prove the forward direction. Assume that f, — f in measure. This means that for

every € > 0,
lim 1 ({0 € Q¢ |fy(@) ~ f(@)] > €}) =0.

Consider the function

i
T+fu— 11
Notice that
o< ——— fn— 1] <1 and |fn /] — 0 pointwise as n — oo.
T+ fu— 11 1+fn—fl

The latter holds since f,, — f in measure implies that f,, — f almost everywhere along a subsequence.

For any € > 0, we can split the integral as follows:

i =S i
rifn—f)= du—/ du+/ — = du.
( ) T+fu—fl Uf-fizer L+ fa— £ {Ifo—sfl<ey L+ fa— fl
For the first integral, since
s / =S
<1 then < fn—f12=€}),
T~ Urrize) T4 1o # < U= f1 = €3)

which tends to 0 as n — oo by the assumption that f, — f in measure.

For the second integral, since

|fn— 1]
0<—————<¢€ on w— fl < €&},
T {fu—fl<e}
then
{1fu—fl<e} 1+|fn T+1fa—f]

Since p(Q) is finite, we can make this term arbitrarily small by choosing & small enough,

independently of n. Thus,
,}glgor<fn_f) =0.
We now prove the reverse direction. Assume that r(f, — f) — 0. Given € > 0, consider the set A, ¢ =

{weQ:e+1>|fu(w)— f(w)] > e}. We have

|fu— 1]
1+|fu—f] ~ 2+e¢

onA;e.
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Thus,
Jn In =
r(fn—1f)= 1‘||‘|fn dp > Z/ngl‘|f’|fn du > 22—1—8 Ane)

Since r(f, — f) — 0, it follows that /,L( ne) — 0 asn — oo, This shows that f,, — f in measure. [

Proposition 4.3. Let f, be a sequence of measurable functions. If f,, converges uniformly to a
measurable function f or doing so in L? fashion. Then, f,, converges in measure to f. Replacing

convergence with Cauchy, the resulting statement also holds.

Theorem 4.6 (Riez). Let f, be a sequence of measurable functions which is Cauchy in assure.
Then, there exists a subsequence f,,, which is Cauchy almost everywhere and convergent almost

everywhere.

Moreover, we can arrange g; which converges in measure to f.

Proof. We will only prove the first result. For each k£ > 0, obtain Nj such that for all m,n > Ni, we

have
u{xEQ: \fn — 2] >2"‘} <27k
We choose a subsequence g of f;, as gy = fy,. In fact, this works. Set
E; = {x eR: gk —gky1| > Z_k} so p(E) <27%
Define

UE so p(F) <27k

If i > j > kand x ¢ Fy, then

gi—gj| <lgj+1—gj|+|gj+2—8j+1]-
Take

F = ﬂ E;  which is precisely the definition of limsup.
k=1

Then,

W(F) =infu (F) = 0.

We claim that if x ¢ F then the sequence g, is Cauchy as x € Fj, and the previous calculation implies

gn 1s Cauchy. Define
limg, (x) ifx¢F;
0 otherwise.

Then, g, — g almost everywhere. [
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Corollary 4.4. If f, is Cauchy in measure, then there exists a measurable f such that f,

converges to f in measure. Moreover, f is unique up to a set of measure 0.

Proof. Take a subsequence g, as mentioned in the previous theorems. Say g, — f pointwise. Then,

g differs from f only on a small set and f,, differs from f; only on a small set. O

Proposition 4.4. Suppose 1 < p < oo and f, is a sequence of measurable functions in L”
which is Cauchy in L”. Then, there exists a subsequence g, and a measurable function 4 in L?
such that |g| < h.

Definition 4.8 (nearly uniform convergence). Let f, be a sequence of functions. We say that

fn converges nearly uniformly to f if for every 8 > 0, there exists Eg with (Eg) < 6 such that

fn converges uniformly to f on Q\Ej.

Example 4.17. An example of nearly uniform convergence is the sequence of functions f,(x) = x"

defined on the interval [0, 1]. We shall analyse the convergence of f,, — f, where

0 ifo<x<l;
fx) =
1 ifx=1.

For every 8 > 0, define E5 = [1 — 8/2,1], and we see that u(Es) = 6/2 < 6. On the set [0,1]\ E5 =
[0,1 —38/2), the sequence f,(x) = x™ converges uniformly to 0. This is because for x € [0,1 — §/2),

we have 0 < x < 1, so as n — oo, x — 0 uniformly on this set.

On the set E5 = [1 — 8 /2, 1], the convergence is not uniform, since f;(x) = x" approaches 1 as x — 1,
and it becomes more erratic near x = 1. Hence f,(x) = x" converges nearly uniformly to f(x), with

the set Eg (where uniform convergence fails) having measure less than 6.

I Lemma 4.1. If f, converges in L™ to f, then f, converges nearly uniformly to f.

Proof. Recall that convergence of f in L™ holds if and only if f converges uniformly up to a set of

measure 0. The result follows. ]

I Lemma 4.2. If f, converges nearly uniformly to f, then f;, converges in measure to f.

Theorem 4.7. Suppose () < o and f, is a sequence of measurable real-valued functions

which converges almost everywhere on € to a measurable real-valued function f. Then,

fn converges nearly uniformly and in measure to f.
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5. Application to Probability

For this section, let (Q,.#,P) be a probability space with P(Q) = 1. In other words, (Q,.%,P) is a

measure space with P(Q) = 1.

Definition 5.1 (random variable, expectation and variance). A random variable X is a

measurable function from R to R. The expectation of such X is just

:/Xdu.

The variance of X is given by

[ X —EX)? du =X ~E[X]I3.

Definition 5.2 (covariance). For random variables X and Y, their covariance cov (X,Y) is

denoted by

| X—EX) (¥ ~E[¥)) du = (X~E[X],Y —E[r))

where we recall that

2_ 2 2 2 2 a2
:/fgdu:/<f+g>2f CRp N | gfuz lsllz

Definition 5.3 (uncorrelated random variables). A sequence X, of random variables is

uncorrelated if cov (X, X;,) = 0 for all m # n.

Definition 5.4 (covariance stationary). A sequence of random variables X,, is covariance

stationary if
E[X,] is constant and cov (X,,X, k) is constant for all k > 0.

In particular, Var (X;,) = cov (X,,X,) is a constant.

Theorem 5.1 (Chebyshev's weak law of large numbers). Suppose X, is an uncorrelated and

covariance stationary sequence of random variables. Define

— X X,
X — 1+n—|—

Then, X, converges in measure/probability to I [X,] for any positive integer n.
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Proof. We will show a stronger statement, i.e. that X,, converges in L? to u. Note that X,, € L? since

Var (X, ) is finite. Then,
2

/(yn_a)zdu:/(xl+...+xn_u)2du:/{(xl—uw...ﬂxn—a) ”

n n

which is equal to

1 1
3 Y / (Xi—p)(X;—p) du = o / (X; — u)* du by applying uncorrelated property

n

1<i,j<n i=1
1 n
= Zcov (Xi, X;)
=iz
1 n
== ZVar(Xl)
=i
1
= —-nVar(X;) since Var(X;)=...= Var(X,)
n
Var (X
= ar (X)) which tends to 0
n

As we have shown that the integral of ()Tn — [J)z goes to 0, it shows that X, converges in measure to
E [X,]. ]

Definition 5.5 (independent events and independent random variables). Let X be a random

variable with distribution function Fx. Then,
Fx(o)=p{oeQ:X(w) > a}.
Two events X, Y € Q (measurable subsets of € are independent if
HXOY) = n(O(Y).
Two random variables X and Y are independent if

forall a,f, Eq={0cQ:X(0)>a},Fg={0cQ:X(w)>p} areindependent events.

Proposition 5.1. If X and Y are independent random variables, then

E[XY] = E[X]E[Y].

Proof. For the special case where X = y4 and Y = xp, we wish to ask whether

/XA')CB dH:/XAdH/%BdN-

‘We note that

20 amdu = [ aewdu = wanB) = p(A)u(B)

and the result follows. [
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I Corollary 5.1. If X and Y are independent, then they are uncorrelated, i.e. cov(X,Y) = 0.

Proof. We have
cov(X,Y) = /(X _E[X])(Y —E[Y])du

:/XYdu—]E[X]/Ya’u—E[Y]/XdquE[X]E[Y]
=E[XY]|-E[X]E[Y] - E[Y]E[X]+E[X]E[Y]
=0 since E[XY]=E[X]E[Y] by Proposition 5.1

so it follows that cov(X,Y) = 0. O

Definition 5.6 (independent and identically distributed random variables). A sequence X, of

random variables is identically distributed if
Fx, =Fx; foralli,jeN.

The common abbreviation is i.i.d. RV.

Corollary 5.2. Suppose X, is a sequence of i.i.d. RV. Assume that X, has finite mean and

variance. Take

— Xj+...+X
XHZ%,

Then, X, converges in measure to measure to [, where

p=EX]= /Xdy.

Proof. Note that cov(X,,X,,) = 0 for distinct m and n by Corollary 5.1. Hence, cov(X,,X,,) = 0,
which implies X, and X,,, are uncorrelated. Also, E[X,] = P(X,, > —ec). Hence, it follows that E[X,]

is a constant u as n varies. For a > 0, the random variable ¥, = (X, — ut)? is such that
P(Y,>a)=PX,>Vo+u)+PX, < —Va+pu).

In particular, it gives us that E[Y,] is a constant as n varies. Hence, Var(X,) = E[Y,] is a constant as
n varies, implying that X;, is covariance stationary (Definition 5.4). The desired conclusion follows

from Chebyshev’s weak law of large numbers (Theorem 5.1). ]

Proposition 5.2 (Chebysehv's inequality). Suppose X is a random variable with mean o and

variance 6. Then, for all ¥ > 0, we have

1
u{a)eQ:|X(a))—a|>yc}§?.
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Proof. We have

0'2:/(X—oc)2du2/ (X—a)zduz/ Y’oldu > yYo*u{oecQ:|X(0)—al > yo}
Q |X—o|>vo

|X—oa|>yo

The result follows immediately. [

Theorem 5.2 (Kolomogorov's strong law of large numbers). Suppose X, is an i.i.d. sequence

of random variables with finite mean and variance. Setting
-— Xi+...+X
Xn = #ﬂ,

the sequence X,, converges almost everywhere almost surely to i, where

pn=EX]= /Xdu-
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6. Differentiation

6.1. Differentiation of Monotone Functions

Suppose f (x) : [a,b] — R is integrable. Suppose we define the antiderivative F as follows:

F= [ foan.

Do we know that F' (x) = f (x) or F’ (x) = f (x)almost everywhere?

Definition 6.1 (Vitali cover). A collection I" of intervals / is a Vitali cover of a set E if for

every € >0and x € E,
ICT suchthat xe/land /() <e.
Theorem 6.1 (Vitali covering theorem). Let E C R be measurable such that 1* (E) < oo (recall

that A* is the outer Lebesgue measure) and I" is a Vitali cover. Then, for every € > 0, there exists

a finite collection of disjoint intervals {Iy,...,I,} C I such that

n
A*(E\S) <& where S=|]I;.
j=1

One can see the Vitali covering theorem (Theorem 6.1) as a refinement of inner regularity.

Definition 6.2 (Dini derivative). Let f be a real-valued function defined in a neighborhood of
xo. Define the Dini derivatives D™ f(xq), D~ f(x0), D+ .f(x0), and D_ f(xo) as follows:
(1) Upper-right Dini derivative:

D* f(x0) = limsup L0+ 1) = f(%0)
h—0t h

(2) Lower-right Dini derivative:

D, f(xo) = I%rg(i)gf f(xo+ h})l — f(xo0)

(3) Upper-left Dini derivative:

D~ f(xo) = limsup f(xo+h)— f(xo)
h—0~ h

(4) Lower-left Dini derivative:

D_f(xo) = I}S(if}f f(xo+ h]z — f(x0)

The Dini derivatives always exist but it is possible for them to be +oo.
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Theorem 6.2. Let f be a non-increasing real-valued function on [a,b]. Then, f is dif-
ferentiable almost everywhere. The derivative f’(x) is measurable almost everywhere too.

Moreover,
b
[ reac<re)-r@.

The proof is quite long. We will only deal with the second half of the proof. For x € [0, a], define
L Fh) = ()

g (_x) = { h—0 h
0 otherwise.

ifDt =D =D, =D_;

Note that g (x) : [a,b] = RU{£eo}. Set

gn(x):f(x+1/;1)—f(x) where f(z) = f(b) ifz> b.

Then, g, — g almost everywhere. As f is non-decreasing, then g, (x) > 0. As such, g (x) > 0 almost

everywhere. To get g (x) only < on a set of measure zero, it suffices to show that

/g (x) du < oo but a stricter inequality is /g (x)du < f(b)—f(a).

By Fatou’s lemma, we have

/g(x) du glirr_ljnf/gn x)du

_timin [ L&/ = f ()
n—soo 1/n

= liminfn [/f (x—k;) du—/f(x)du]

= liminf du— d
l’ggl"l;l " {/[b,b-i—l/n}f(X) # [a,a-i—l/n]f(X) ‘u:|

< f(b)— f(a) but this needs further justification

du

6.2. Functions with Bounded Variation

If re R, let

r" =max{r,0} and ¥~ =max{—r,0} so r=r"—r.

Definition 6.3 (bounded variation). Let f: [a,b] > RandA={a=xp <x; <...<x, =b}

be a partition. Then, define

n

:i:l(f()ﬁ) —f(x-1)" and np= Z(f(xi) — o).

i=1



MA4262 MEASURE AND INTEGRATION NOTES Page 75 of 80

Set 1o = pa +na. We also define P2, N, T? to be the following:

Pé’ =suppa and Nfl’ =supna and Tab :PfH—Nfl’ = Supfa.
A A

If f has T? < oo, we say that f has bounded variation over [a, b]. The space of all such functions

is denoted by BV [a, D).

Theorem 6.3 (Jordan decomposition theorem). A function of bounded variation is the

difference between two monotone, non-decreasing real-valued functions.
I Corollary 6.1. If f has bounded variation, then f’ is well-defined almost everywhere.

6.3. The Fundamental Theorem of Calculus

Lemma 6.1. If f is integrable on [a, ], then

:/axf(t) dt:/f-x[a,x} d

is a continuous function with bounded variation.
Proof. Suppose x,, — x. Then, we are interested in whether

F(x,) — F(x) orequivalently / [ Xa,) A — / [ Xap Al

Note that

Xlax,] — X[ax almost everywhere implies [ X[4v,] = - X[a,) almost everywhere.

Also, note that

’f'X[a,xn] < |f’ :

By the Lebesgue dominated convergence theorem,

/f'%[a,xn] du — /f'%[a,x] d

We wish to show that F has bounded variation over [a, b], i.e. T.” < co. We will take A = {xg,x1, . ..

to be a partition of [a,b], where xo = a and x, = b. Then,

/ dt<2/xll t)| dt = /|f )| dt

n

= i‘i\F(xi) —Flxi)| =Y

i=1

which is finite as f is integrable.
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Lemma 6.2 (absolute continuity of integral). Let f be integrable on a set E. Then, for € > 0,
there exists 8 > 0 such that if A C E with u(A) < 9, then

/Afdu<8.

Proof. Let f = ft — f~. It suffices to show the same statement for f* and f~. Without loss of
generality, suppose f > 0. Then, set

fx) i f(x) <n

n otherwise.

Ja (%) =

Then, f,, — f pointwise. By the monotone convergence theorem,

[ pdu— [ 1 du.
E E
Suppose for n large enough, we have
€
L= au<.
E

Choose 6 < &/2n. Then,

&

=€
2

€
| rdu= [ fodus [ f-fodu<sont
A A A 2n
and the result follows. L]
Lemma 6.3. If f is integrable on [a,b] and
X
/ f(t)dt =0 forallxé€ |a,b],
a

then f(z) = 0 almost everywhere.

Proof. We shall prove this by contradiction. Set E,, to be the set of all functions f(x) such that f(x) >
1/n. Then,

E=|JE,={f(x): f(x) >0} has u(E)>0.

neN

So, u(E,) > 0 for some n € N. We can choose some closed subset F of E, of positive measure. Take
S = (a,b)\F. Then,

b
/ f(t)dt=0 and /f(t) dr > 0.
a F

Hence,

/Sfdu<0.
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Recall that S is a countable disjoint union of open intervals. One must have, by countable additivity,
that

[ fauo.

Result follows easily from here. 0

Lemma 6.4. If f is a measurable function bounded on [a, ], and

F) = [ £(0) di+Fla),

then F’(x) = f(x) for x € [a,b] almost everywhere.

Proof. Note that F(x) is a bounded variation on [a, b], so F’(x) exists almost everywhere. Then, set

X n)—F (x x+1/n
fn(x):F(Jrll//i F():n/x ] f(t) dr.

We already know that f, — F’(x) almost everywhere by definition, so we only need to check that
fn — f almost everywhere. Suppose f(x) is bounded by some constant K, i.e. there exists K such that
| fn(x)] < K. Hence,

C C
/ F'(x) dx = lgn / fn(x) dx by dominated convergence theorem
a n—eJa

. boe , 1
—}lll_l;l’(l)z ; F(x+h)—F(x) dx bysettmgh—;
1 C c
:}lzlgg)ﬁ</a F(x+h)dx—/a F(x)dx>
1 c+h c
= lim — Fx)dx— | F(x)d
([ o)
1 c+h a+h
:%E%E</L F(x) dx—/a F(x) dx>

¢)—F(a) since F is constant

As such,
/ F/(x)—fd;,t :Oa
a
and we conclude that F’(x) = f(x) for x € [a,b] almost everywhere. O

Theorem 6.4 (fundamental theorem of Calculus). Let f: [a,b] — R be integrable and

F(x) = /:f(t) di +F(a).

Then, F'(x) = f(x) almost everywhere.
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6.4. Absolute Continuity

Definition 6.4. A function f : [a,b] — R is absolutely continuous on [a,b] if for any € > 0,
there exists & > 0 such that

Y If () = f ()] <e

icl
Here, {(x;,x})},, is a collection of disjoint intervals such that

Z|xi—x§‘ < 0.

icl
I Theorem 6.5. A function is an indefinite integral if and only if it is absolutely continuous.

I Lemma 6.5. If f is absolutely continuous, then f is of bounded variation.

Proof. Suppose f is absolutely continuous, then for each &, there exists 0 > 0 such that
the intervals  [x1,y1],...,[xn,ys] are disjoint.

Note that each [x;,y;] C [a,b]. The mentioned intervals are disjoint with

n n

Z lvi—xi| <& which implies Z lf i) — f(xi)| < e.

i=1 i=1
Note that f is a bounded variation if and only if there exists M such that for every partition
{x0,x1,...,x,}, we have

n

YIS (i) = f (ki) < M.

i=1
Take € = 1 and obtain a corresponding 6. Take Ag = {yo, ..., yn} to be a partition of [a, b], where yp = a
and y, = b, such that |y; —y;_1| < 8. Now, take an arbitrary partition of [a, b], say A = {x, X1, .., Xn }-
We claim that

Zn:|f(xi)—f(xi—1)! < %

i=1

Without loss of generality, A refines Ag, so the result follows. O]

Lemma 6.6. If f is absolutely continuous and f’ = 0 almost everywhere, then f = ¢ almost

everywhere.

6.5. Lebesgue Differentiation Theorem and the Radon-Nikodym Theorem

Say we wish to generalise the FTC to higher dimensions like R¢. What do we do? Let

d
f: H (aj,b;) — R be integrable.
i=1
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Here, let Q denote the mentioned Cartesian product, i.e. the domain. For each measurable subset
A C Q, this defines a map

A / fdu.
For each x € Q, define the derivative of this integral operator at x to be

1
im— du.
e U (B(x,¢€)) B(x,e)f H

Theorem 6.6 (Lebesgue differentiation theorem). For almost every x € Q, we have
£() = lim —— | rd
X) = — .
20 (B(x.€)) Jawe)”

In the proof of this result, we use the Vitali covering lemma to construct an L' bound of the Hardy-

Littlewood maximal function.

We have another question. What is the generalisation of the absolute continuity characterisation of
integrals? The answer involves the Radon-Nikodym theorem. In our course, measure is merely a way
to assign volume. From a different perspective, measure is a generalisation of a function (Geometric

Measure Theory).

Suppose we have a non-negative measurable function f : £ — R. One can define a measure [y as

follows:
ur(4) = [ 1 du.

Definition 6.5 (absolute continuity). Let i, v be measures on Q. We say that
v is absolutely continuous with respectto
if
for all measurable E C Q  we have p(E)=0implies v(E)=0.

Lemma 6.7. Let f be measurable from Q to R. Then, i is absolutely continuous with respect

to .

Lemma 6.8 (finite and o-finite measure). A measure p is finite if it takes values in R for all

E C Q; a measure v is o-finite if it is a countable sum of finite measure.
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Theorem 6.7 (Radon-Nikodym). Suppose u and v are o-finite measures on Q and v is
absolutely continuous with respect to i. Then, there exists a measurable function f with respect

to u such that

v(A):/Afd,u.
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